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A relation is presented between single-hadron long-range matrix elements defined in a
finite Euclidean spacetime, and the corresponding infinite-volume Minkowski amplitudes.
This relation is valid in the kinematic region where any number of two-hadron states can
simultaneously go on shell, so that the effects of strongly-coupled intermediate channels are
included. These channels can consist of non-identical particles with arbitrary intrinsic spins.
The result accommodates general Lorentz structures as well as non-zero momentum transfer
for the two external currents inserted between the single-hadron states. The formalism,
therefore, generalizes the work by Christ et al. [Phys.Rev. D91 114510 (2015)], and extends
the reach of lattice quantum chromodynamics (QCD) to a wide class of new observables
beyond meson mixing and rare decays. Applications include Compton scattering of the pion
(piγ? → [pipi,KK] → piγ?), kaon (Kγ? → [piK, ηK] → Kγ?) and nucleon (Nγ? → Npi →
Nγ?), as well as double-β decays, and radiative corrections to the single-β decay, of QCD-
stable hadrons. The framework presented will further facilitate generalization of the result
to studies of nuclear amplitudes involving two currents from lattice QCD.
PACS numbers: 12.38.-t 11.15.Ha, 12.38.Gc, 12.38.-t, 13.15.+g, 23.40.Bw, 13.60.Fz 12.15.-y
I. INTRODUCTION
Long-range electroweak matrix elements play a central role in modern hadronic physics, from
precision tests of the Standard Model (SM) to investigations into the inner structure of strongly-
interacting particles. In this work, a subset of such matrix elements are considered, defined with
a single incoming and a single outgoing hadron, coupled to two local currents that are displaced
in time. Key examples of processes for which these types of matrix elements are needed include
Compton scattering, double-β decays, radiative corrections to single-β decays, K-K oscillations
and rare meson decays:
• Deeply virtual Compton scattering, i.e. the conversion from a virtual photon to a real
photon via scattering off a charged hadron (γ∗h→ γh), allows one to extract the generalized
parton distributions of the target, as proposed by Ji [1]. Such a process can be studied
at leading order in quantum electrodynamics (QED) by performing appropriate Fourier
transforms of matrix elements involving time-displaced electromagnetic currents.
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2• A large experimental effort is dedicated to searches for a lepton-number-violating pro-
cess in nature, namely the neutrinoless double-β decay of certain nuclear isotopes, e.g.,
see Refs. [2–5]. If observed, such a decay would establish that neutrinos are Majorana
fermions. In order to understand the implication of a potential observation for extensions
of the Standard Model, reliable theoretical constraints on the relevant QCD matrix ele-
ments are necessary. Moreover, as a supplement to the direct extraction of nucleon matrix
elements, nuclear effective field theories [6–10] indicate that the pi+ → pi− inversion, as
well as short distance nuclear effects, may be important contributions to the nn → ppee
conversion process. In fact, calculations of the matrix elements relevant for these processes
have already started [11–14], and a class of these computations require bi-local matrix
elements [12–16].
• Interest in constraining radiative corrections to nuclear β decays has grown in recent years
in light of a discrepancy among theoretical determinations [17–19], leading to a ∼ 2 − 3σ
deviation in the CKM unitary test from Vud. As an indirect input to calibrate several
contributions to the β-decay calculations, constraining the time-ordered product of a weak
and an electromagnetic current between a neutron and a proton state, for a number of
fixed momentum transfers, would be immensely valuable [20].
• In the strange and charmed mesonic sector, bi-local matrix elements can be used to compute
the mass splittings between neutral mesons. Another set of observables based on this class of
matrix elements arise in rare decays of such mesons, including K → pil+l− and K → piνν¯,
relevant to searches of CP violation. These processes are currently being measured, for
example, in the NA62 experiment at CERN.1
At present, the most reliable approach to determine such matrix elements from the underlying
theory is lattice QCD, a numerical method for statistically estimating QCD correlation functions
using Monte Carlo importance sampling. However, since lattice-QCD calculations are necessarily
performed in a finite Euclidean spacetime,2 the relation between the calculated quantity and the
physical observable is not always straightforward.
The formalism for extracting long-range matrix elements from finite-volume Euclidean correla-
tion functions was first derived in Refs. [29–31], in order to determine the long-range contributions
to the KL-KS mass splitting and the CP-violating parameter K . This framework has enabled
determinations of the mass splitting of neutral kaons via lattice QCD [32–35]. Long-range matrix
elements occurring in rare decays of the kaon, such as in K → pil+l− and K → piνν¯ processes [36–
39], and hadronic double-β decays [12, 13, 15, 16], have also been studied in recent years with
lattice QCD.
In this paper, we generalize the previous work to incorporate matrix elements with multiple
two-particle intermediate states propagating between the two currents. The result presented
holds for kinematics for which any number of two-hadron states can go on shell. We further
accommodate particles with intrinsic spin as well as channels with non-identical particles. In
addition, the two local currents in this work are allowed to have a generic structure, including any
number of Lorentz indices and non-zero energy and momentum injection. Finally, the expressions
presented account for the unphysical mixing of different angular momentum states due to the
reduced symmetry of a cubic volume, as well as the physical mixing of different orbital angular
momenta in systems with nonzero spin. As a nontrivial check, given these general considerations,
the result obtained is proved to satisfy the unitarity of the physical amplitude to all orders. The
1 Further examples can be found, e.g., in a series of recent USQCD whitepapers [20–23].
2 For exploratory studies of real-time dynamics in simple theories with classical computations based on Monte Carlo
methods, and with quantum computations based on direct implementation of the Hamiltonian time evolution,
see Refs. [24–28]. The generalization of these methods to QCD remains formally and practically challenging.
3general form presented is an essential step towards extensions to multi-hadron bi-local matrix
elements.
In order to explore some of the key ideas of Refs. [29–31], as well as the general framework of
the present study, it is useful to begin with the spectral decomposition of the Euclidean finite-
volume matrix element∫
d3x e−iq·x 〈M,L|JE(τ,x)J(0)|M,L〉 = L3
∑
n
e−τ(En−M)〈M,L|J(0)|Pn, L〉〈Pn, L|J(0)|M,L〉 ,
(1)
where J(0) is a generic local current and JE(τ,x) ≡ eHτJ(0,x)e−Hτ defines its Euclidean time
translation. In writing Eq. (1), two important assumptions are made: First, we neglect the
effects of the finite temporal direction, focusing only on the spatial volume with periodicity L.
This is well motivated as lattice-QCD calculations typically work with T > L such that the
finite-T effect is a sub-leading uncertainty. Second, we have introduced a finite-volume single-
hadron state, denoted |M,L〉, and formally defined by the L-dependence of its eigenvalue, E(L):
limL→∞E(L) = M , where M is the physical mass.3 For the purpose of the introduction only,
the state is assumed to have a vanishing spatial momentum. The introductory example is further
simplified by taking the two currents to be the same and to be Hermitian. These restrictions
will be removed in arriving at the main result of this work. Finally, it should be stressed that
the complete set of states inserted on the right-hand side of Eq. (1) is a proper sum, since the
finite-volume boundary conditions lead to a discrete spectrum. The sum runs over an infinite
tower of states with the same quantum numbers as J(0)|M,L〉. Due to the Fourier transform
in Eq. (1), the inserted states are understood to be projected to a definite spatial momentum,
Pn = q.
The corresponding infinite-volume Minkowski observable that we aim to determine is given by
T (ω,q) = − lim
→0+
lim
L→∞
2ML6
∑
n
|〈Pn, L|J(0)|M,L〉|2
ω − [En(L)−M ] + i , (2)
where 2ML3 accounts for the normalization of |M,L〉 and an extra factor of L3 results from
performing the spatial Fourier transform.4 Thus, the task at hand is to relate Eqs. (1) and (2).
The basic approach for achieving this can be understood as a two-step procedure. First, one
must replace the τ -dependent exponentials (e−Enτ ) with poles (1/(ω − En)). In the case that
ω + M < E, this is achieved by applying the integral operator
∫∞
0 dτe
ωτ . However, as stressed
in Refs. [29–31], many interesting cases arise where the low-lying finite-volume states are below
the target ω value, so that the indicated integral is exponentially divergent.
Various approaches have been considered to treat this problem [29–31, 36–38]. In the present
work, we are particularly inspired by the techniques that have been applied for the hadronic vac-
uum polarization (HVP) contribution to the anomalous magnetic moment of the muon [42–48],
as well as the incredible success in extracting excited finite-volume states to determine hadronic
scattering amplitudes [49]. Following these ideas, one can envision solving the generalized eigen-
value problem (GEVP) on a matrix of lattice-QCD correlators, in order to reliably determine as
many low-lying energies, En(L), and matrix elements, |〈Pn, L|J(0)|M,L〉|2, as possible. These
can then be subtracted from Eq. (1), rendering the
∫∞
0 dτe
ωτ integral convergent. In a sec-
ond step, the subtracted terms are added back in after integration, but with the exponential
3 For a fixed value of spatial momentum, as well as fixed internal quantum numbers, this defines a unique state.
In theories without a mass gap, e.g. QCD+QED, this separation fails and the distinction is less straightforward.
4 In fact we will use a different, but equivalent form for the infinite-volume amplitude in the following sections.
We present this version only because it gives additional intuition on the relation between the finite- and infinite-
volume amplitudes. For detailed discussion on the form of T given here, and prospects for directly evaluating
Eq. (2) numerically, see Refs. [40, 41].
4time dependence replaced by a pole, as detailed in Sec. II. The result of this construction is an
intermediate quantity, denoted by TL(ω, q):
TL(ω, q) ≡ −2ML6
∑
n
|〈Pn, L|J(0)|M,L〉|2
ω − [En(L)−M ] . (3)
These manipulations address the effects of the Euclidean signature, but not yet those arising
from the finite volume. The remaining task is then to determine the correction term ∆TL(ω, q) ≡
T (ω, q) − TL(ω, q), to be added to the sum over finite-volume poles to reach the final physical
result. As a special case, it is instructive to consider ∆TL(ω, q) when the value of ω + M is
taken below all single- and multi-hadron thresholds. In this case, the integral over e(ω+M−En)τ
converges for all En. It turns out that in this kinematic region, ∆TL = O(e−mL), where m is the
mass of the lightest degree of freedom, i.e., the pion in QCD.
In Sec. II, we provide a closed form for ∆TL(ω, q) in the case that the center-of-mass en-
ergy of the incoming current plus hadron is above any number of two-particle thresholds, but
is below the three-hadron production thresholds. This correction can be obtained, up to ne-
glected O(e−mL) terms, provided that the relevant 2 → 2 scattering amplitudes and 1 → 1 and
1 → 2 transition amplitudes are determined. This can be achieved through independent, ded-
icated lattice-QCD calculations based on well-established methods. In particular, by applying
Lu¨scher-like formalisms [50–58], one can determine the infinite-volume scattering amplitudes of
general two-hadron states from finite-volume spectra, see Refs. [59–71] for recent examples. This
approach has been further generalized to give relations between finite-volume matrix elements
and electroweak amplitudes [43, 56, 72–77].5 The upshot is that the required methodology for
extracting all the ingredients of ∆TL(ω, q) is already established.
Finally, the formalism presented can be used to reduce systematic uncertainties of long-range
matrix elements of hadrons even below two-particle thresholds, by identifying and removing
contributions from intermediate states that cannot go on shell. A similar approach has been
applied to lattice-QCD calculations of the muonic HVP, where the knowledge of the pipi → pipi and
γ∗ → pipi amplitudes allows one to estimate the finite-volume effects, as suggested in Refs. [42, 43]
and implemented in Refs. [48, 81].
This paper is organized as follows: Sec. II presents the main results, including the framework
that enables the determination of ∆TL. Sec. III contains the derivation of ∆TL, relying largely
on combining existing ideas in the literature to determine scattering and transition amplitudes
in the single- and two-hadron sectors. In Sec. IV, a strong check on the formalism is presented
showing that the result obtained is consistent with unitarity constraints on the infinite-volume
amplitude. In order to demonstrate an application of the formalism, in Sec. V we present an
example with a single-channel intermediate state and evaluate numerically all the building blocks
for a specific toy example. We conclude in Sec. VI with a summary and outlook.
II. THE RELATION BETWEEN FINITE-VOLUME EUCLIDEAN AND
INFINITE-VOLUME MINKOWSKI AMPLITUDES
The main result of this work can be compactly written as
T (ω, q) =
∫ ∞
−∞
dτ eωτ
[
GL(τ, q)−G<NL (τ, q)
]
+
[
T<NL (ω, q) + ∆TL(ω, q)
]
M,H . (4)
Here, the dependence of the functions on the four-momenta of the initial and final states is
left implicit. The left-hand side is the desired infinite-volume Minkowski amplitude, and the
5 For recent reviews on these formal developments and their numerical implementations, we point the readers to
Refs. [49, 78–80].
5right-hand side is a carefully constructed combination of finite-volume Euclidean and Minkowski
quantities, which all can be obtained from finite-volume Euclidean correlation functions. In a
nutshell, GL is a finite-volume Euclidean matrix element, G
<N
L is a reconstruction of its low-lying
states (using e.g., GEVP methods), T<NL is a corresponding sum of the low-lying finite-volume
poles and ∆TL is the correction term to remove finite-volume effects. The aim of this section
is to provide the exact definitions of these functions and the relations among them. As a final
general comment, one must note that for kinematics where intermediate two-particle states may
go on-shell, the last two terms, T<NL and ∆TL, contain poles that must exactly cancel. For this
reason, the two quantities must be treated consistently. This is indicated by the square brackets
and the subscriptM,H, referring respectively to the relevant 2→ 2 and 1→ 2 (2→ 1) scattering
amplitudes. This point will be explained in detail towards the end of this section.
We first introduce the basic kinematic notation used throughout. The three-momentum of the
incoming hadron state is denoted by Pi and that of the outgoing state by Pf . The corresponding
four-momentum of the initial state is then given by
Pµi ≡ (Ei,Pi) =
(√
M2i + P
2
i ,Pi
)
, (5)
with an analogous relation for the final state given by i→ f . Here, Mi and Mf are the physical
particle masses. The infinite-volume hadronic states are denoted by |Pi〉 and 〈Pf | and satisfy the
standard relativistic normalization:
〈P |P ′〉 = 2E (2pi)3 δ3(P − P ′) . (6)
Next we introduce two local, Minkowski-signature currents JA(x) and OB(x), with xµ ≡ (t,x).
Here, A and B are collective indices that specify the quantum numbers of the currents. They
can specify scalar, axial, vector, tensor or other types of currents. The underlying Lorentz
structure plays no role in the following discussions. The goal is to relate a finite-volume Euclidean
correlation function to the infinite-volume amplitude appearing on the left-hand side of Eq. (4),
defined as
T (ω, q) ≡ i
∫
d4x eiωt−iq·x 〈Pf |T{JA(x)OB(0)} |Pi〉conn. , (7)
where again the Pi and Pf dependence on the left-hand side is implicit. Here T denotes the
standard time ordering6 and the subscript “conn.” indicates that only the connected contributions
to the matrix element are considered. This distinction is only relevant in the forward limit when
Pi = Pf .
In a finite cubic volume, with periodicity L in each of the three spatial directions, the L-
dependent shifts to the masses, Mi and Mf , are exponentially suppressed, scaling as e
−mL where
m is the mass of the lightest low-energy degree of freedom in the theory. Here we assume mL 1,
such that these corrections can be neglected. Thus the four-vectors Pi and Pf also label the finite-
volume states, denoted by |Pi, L〉 for the incoming hadron and 〈Pf , L| for the outgoing. In the
convention of this work, finite-volume states are normalized to unity,
〈P,L|P ′, L〉 = δP ,P ′ , (8)
keeping in mind that in a periodic cubic volume three-momenta satisfy: P = 2pin/L and P ′ =
2pin′/L, with n,n′ ∈ Z3.
Introducing J EA (τ,x) and OEB(τ,x) as Euclidean counterparts of the local currents in Eq. (7),
J EA (τ,x) ≡ eHτJA(0,x)e−Hτ , OEB(τ,x) ≡ eHτOB(0,x)e−Hτ , (9)
6 Not to be confused with the temporal length of spacetime that was introduced earlier.
6one can define the lattice-QCD correlator most closely related to T as
GL(τ, q) ≡ 2L3
√
EiEf
∫
L
d3x e−iq·x 〈Pf , L|TE{J EA (τ,x)OEB(0)} |Pi, L〉 . (10)
In the forward limit, the disconnected contribution
GdiscL (τ, q) ≡ 2L3
√
EiEf 〈Pf , L|Pi, L〉
∫
L
d3x e−iq·x 〈0|TE{J EA (τ,x)OEB(0)}|0〉 , (11)
must be subtracted from Eq. (10) in order to obtain the purely connected piece of the matrix
element as required by Eq. (7). For notational brevity, the hadron momentum labels Pi and Pf
are also omitted from the arguments of the correlation functions.
To understand the issues in extracting T from G, it is instructive to first perform a spectral
decomposition of the latter. Defining
cn ≡ 2L3
√
EiEf
∫
L
d3x e−iq·x 〈Pf , L|JA(0,x)|n,L〉〈n,L|OB(0)|Pi, L〉 , (12)
c¯n¯ ≡ 2L3
√
EiEf
∫
L
d3x e−iq·x 〈Pf , L|OB(0)|n¯, L〉〈n¯, L|JA(0,x)|Pi, L〉 , (13)
one obtains
GL(τ, q) ≡
∞∑
n=0
cn Θ(τ) e
−[En(L,Pf+q)−Ef ]|τ | +
∞∑
n¯=0
c¯n¯ Θ(−τ) e−[En¯(L,Pi−q)−Ei]|τ | . (14)
The finite-volume states |n,L〉 and |n¯, L〉 in Eqs. (12) and (13), and therefore the cn and c¯n¯
coefficients in Eq. (14), differ in general not only due to differing three-momenta but also because
the internal quantum numbers of the currents may be distinct. For example, processes like
K → piγ are described by setting one current to the electromagnetic current and the other
to the weak Hamiltonian, symbolically JA = jµ and OB = HW . For such a process, cn,µ
receives contributions from states with zero strangeness (such as pipi states) whereas c¯n¯,µ contains
intermediate states with strangeness equal to −1 (such as Kpi states).
Depending on the detailed choices of states, currents and kinematics in Eq. (14), finite-volume
energies may exist for which En¯(L,Pi − q) ≤ Ei − ω or En(L,Pf + q) ≤ Ef + ω, where ω is the
energy carried away by the current JA. As a consequence, intermediate states can go on shell,
generating the long-distance parts of these matrix elements. Such states are responsible for the
dominant difference between finite-volume Euclidean and infinite-volume Minkowski correlation
functions and are the focus of this work. To separate on- and off-shell states, it is useful to
introduce cut-off indices, N(ω) and N¯(ω), such that for n ≥ N(ω) and n¯ ≥ N¯(ω), one has
En¯(L,Pi−q)+ω > Ei and En(L,Pf+q)−ω > Ef respectively, i.e. the finite-volume intermediate
states are off shell up to a current energy of ω. Taking N(ω) and N¯(ω) larger than the minimum
requirements poses no problem, and as explained in more detail below, will likely be advantageous
in practical implementations.
With this discussion, one can define
G<NL (τ, q) ≡
N−1∑
n=0
cn Θ(τ) e
−[En(L,Pf+q)−Ef ]|τ | +
N¯−1∑
n¯=0
c¯n¯ Θ(−τ) e−[En¯(L,Pi−q)−Ei]|τ | , (15)
T≥NL (ω, q) ≡
∫ ∞
−∞
dτ eωτ
[
GL(τ, q)−G<NL (τ, q)
]
, (16)
where to keep the notation simple, the superscripts < N and ≥ N are taken to be the repre-
sentative of both the N and N¯ dependence of the functions, and the ω dependence of N and N¯
is left implicit. As mentioned in the introduction, the cn (c¯n¯) coefficients for the intermediate
7states 0 to N − 1 (N¯ − 1) can be separately evaluated in a dedicated lattice-QCD calculation
of three-point functions formed with optimized operators, see Eqs. (12) and (13). In Eq. (16),
the subtracted integral is convergent by construction, as N(ω) and N¯(ω) are chosen such that
eωτ
[
GL(τ, q)−G<NL (τ, q)
]
decays with increasing |τ |. The result of the integration carries no
memory of the Euclidean signature and thus brings us closer to the stated goal of recovering T .
However, the approach is clearly incomplete, since the intermediate states labeled from 0 to N−1
(N¯ − 1) are not accounted. Additionally, the finite-L effects have yet to be addressed.
One can now define
T<NL (ω, q) ≡
N−1∑
n=0
cn
En(L,Pf − q)− (Ef + ω) +
N¯−1∑
n¯=0
c¯n¯
En¯(L,Pi + q)− (Ei − ω) , (17)
which can naively be constructed using exactly the coefficients and energies defining G<NL (τ, q).
As explained below, in practice one must take a slightly different approach to properly treat finite-
volume effects. Note that T≥NL (ω, q), defined in Eq. (16), satisfies the same decomposition as that
given here for T<NL (ω, q), but with the sums running from N, N¯ to ∞. Thus, the combination
TL(ω, q) ≡ T<NL (ω, q) + T≥NL (ω, q) , (18)
gives the sum over all finite-volume poles from 0 to ∞ and differs from the target quantity,
T (ω, q), only by the finite-volume effects encoded in ∆TL(ω, q).
As stressed in the beginning of this section, the two-particle poles within T<NL must be exactly
canceled by those in ∆TL. This is essential because (i) these poles are artifacts of the particular
volume, L, and cannot be part of the physical quantity T , and (ii) the formalism holds for values
of ω arbitrarily close to, indeed exactly coinciding with, the poles in a given lattice volume. Note
that the same is not true for the poles within T≥NL (ω, q), which are safely above the range of
allowed ω values. The requirement of exact cancellation of divergences in T<NL and ∆TL means
that these two quantities must be treated in a consistent way. To explain this properly, we first
need to give some details on the construction of ∆TL(ω, q).
Both the generalized Lu¨scher and Lellouch-Lu¨scher formalisms are by now well understood,
and here only the key equations are provided for completeness. First, the Lu¨scher formalism
provides a relationship between the finite-volume spectrum in the two-particle regime and the
infinite-volume amplitude. This can be written as [58]
det
[
F [x](L,Pn)
−1 +M[x](Pn)
]
= 0 , (19)
where the superscript [x] is set equal to either J |Pi〉 or O |Pi〉 and serves as an indicator of the
internal quantum numbers for the two-particle states. Here, M[x] is the infinite-volume 2 → 2
scattering amplitude and F [x] is a known kinematic function, given explicitly in Eq. (43) of
Sec. III. As explained in detail in that section, the matrix and determinant space used here is a
Kronecker-product space of (orbital angular momentum)⊗(spin)⊗(flavor channels). Depending
on the time ordering of the currents, the quantization condition is to be evaluated at either
Pn = Ei − ω or Pn = Ef + ω, where qµ ≡ (ω, q) is the four-momentum of the current JA. One
must then identify the set of solutions, in P 0n = Ei−ω or else P 0n = Ef +ω, for which the left-hand
side vanishes. This gives the finite-volume spectra, denoted by En¯(L,Pi − q) (for [x] = [J |Pi〉])
and En(L,Pf + q) (for [x] = [O |Pi〉]).
From the same building blocks that define the quantization condition, one can construct a
matrix, F , that plays an important role throughout this work:
F [x](L,P ) ≡ 1
F [x](L,P )−1 +M[x](P ) , (20)
where [x] and P ≡ (E,P ) are taken as generic representatives of the two-particle quantum
numbers and momenta. This matrix has poles, En, whenever Eq. (19) is satisfied, and the
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corresponding residues define the generalized Lellouch-Lu¨scher matrices [73, 75]
R[x]n (L,P ) ≡ lim
E→En
[
(E − En) F [x](L,P )
]
. (21)
These factors allow one to relate finite- and infinite-volume matrix elements. For the present
set-up the relevant relations are
2EiL
6〈n,L|OB(0)|Pi, L〉2 = H[O]2→1(Pf + q) · R[O|Pi〉]n (L,Pf + q) · H[O]1→2(Pf + q) , (22)
2EfL
6〈Pf , L|JA(0)|n,L〉2 = H[J ]2→1(Pf + q) · R[O|Pi〉]n (L,Pf + q) · H[J ]1→2(Pf + q) , (23)
2EiL
6〈n¯, L|JA(0)|Pi, L〉2 = H[J ]2→1(Pi − q) · R[J |Pi〉]n¯ (L,Pi − q) · H[J ]1→2(Pi − q) , (24)
2EfL
6〈Pf , L|OB(0)|n¯, L〉2 = H[O]2→1(Pi − q) · R[J |Pi〉]n¯ (L,Pi − q) · H[O]1→2(Pi − q) , (25)
where various infinite-volume 1 + J → 2 transition amplitudes are introduced, e.g.,
H[O]1→2(Pf + q) ≡ 〈Pf + q, out|OB(0)|Pi〉 , (26)
H[J ]2→1(Pf + q) ≡ 〈Pf |JA(0)|Pf + q, in〉 , (27)
H[J ]1→2(Pi − q) ≡ 〈Pi − q, out|JA(0)|Pi〉 , (28)
H[O]2→1(Pi − q) ≡ 〈Pf |OB(0)|Pi − q, in〉 . (29)
The amplitudes defined with an “out” state are understood as column vectors and those with
an “in” state as row vectors, acting on the space of angular momentum, spin and flavor of the
two-hadron state.
Now given a set of finite-volume energies, En¯(L,Pi − q) and En(L,Pf + q), and the various
finite-volume matrix elements noted above, one can constrain all quantities needed to remove the
9finite-volume effects from TL(ω, q), to extract T (ω, q). The correction is given by
∆TL(ω, q) ≡ H[J ]2→1(Pf + q) · F [O|Pi〉](L,Pf + q) · H[O]1→2(Pf + q) +
H[O]2→1(Pi − q) · F [J |Pi〉](L,Pi − q) · H[J ]1→2(Pi − q) ,
(30)
where each term on the right-hand side has the structure [row vector]×[matrix]×[column vector],
defined in the space of two-particle degrees of freedom.
In practice, the determination of the scattering amplitudes, M, as well as the transition
amplitudes, H, will generally require fits of all finite-volume data to a set of parameterizations.
Given a particular fit, one can then recover the finite-volume matrix elements, and thus the
coefficients cn and c¯n¯, as well as the corresponding finite-volume energies. It follows that the sum
over low-lying poles, T<NL (ω, q), can be evaluated in two ways, either directly from the finite-
volume data, or from the energies and matrix elements predicted through a global fit. Given the
statistical nature of the lattice-QCD data, for this analysis it is crucial that the second approach
is used. Only in this way does one assure an exact cancellation of the poles in ∆TL and T
<N
L is
reached. This requirement of a common parametrization for these two pieces is emphasized in
Eq. (4) by the M,H subscript. The cancellation of poles will also be illustrated in Sec. V for a
particular example.
This completes the discussion of the procedure involved in extracting the infinite-volume am-
plitude T using the inputs that are defined in a finite Euclidean spacetime, as summarized in
Eq. (4). The quantities that must be evaluated in implementing this procedure, as well the
relationships among them, are depicted in Fig. 1 for further clarity.
III. FINITE-VOLUME CORRECTIONS TO THE FOUR-POINT CORRELATION
FUNCTION
In this section, the expression for the additive finite-volume function, ∆TL(ω, q), given in Eq. (30),
is derived. The derivation requires a diagrammatic representation of finite-volume correlation
functions, first laid out for systems with identical scalar particles by Lu¨scher in Ref. [50], and
Lellouch and Lu¨scher in Ref. [72], and presented in a purely quantum-field-theoretic context by
Kim, Sachrajda, and Sharpe (KSS) in Ref. [52]. The approach of KSS is also the starting point
of Ref. [31] in the analysis of long-range effects in K-K mixing. These techniques have since been
generalized to accommodate any number of open two-particle channels with arbitrary masses and
spin [43, 53–58, 73–75]. Here we adopt this formalism to extend the work of Ref. [31].
Consider the infinite-volume Minkowski-signature correlation function
C(Pf , Pi, q) ≡
∫
d4xd4yd4z e−iPi·y+iq·x+iPf ·z〈0|T{Ψ′(z)iJA(x)iOB(0)Ψ(y)} |0〉 , (31)
where one of the four fields is left at the origin of position space to avoid the overall momentum-
conserving delta function. The LSZ reduction formula implies that this correlation function has
poles associated with the incoming and outgoing single-particle states, with quantum numbers
set by Ψ and Ψ′. By amputating the external legs and placing the momenta Pi and Pf on shell,
one arrives at an alternative expression for iT , first defined in Eq. (7),
iT (ω, q) = − lim
P 0i →Ei(Pi),P 0f→Ef (Pf )
(
P 2i −M2i
)(
P 2f −M2f
) C(Pf , Pi, q) , (32)
where the fields are normalized such that 〈Pi|Ψ(0)|0〉 = 〈0|Ψ′(0)|Pf 〉 = 1, and as before the Pi
and Pf dependence of the amplitude here and in Eq. (34) is left implicit.
The finite-volume counterpart of the correlation function in Eq. (31) can be written as
CL(Pf , Pi, q) ≡
∫
L
d4xd4yd4z e−iPi·y+iq·x+iPf ·z〈0|T{Ψ′(z)iJA(x)iOB(0)Ψ(y)} |0〉L , (33)
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Pi
<latexit sha1_base64="NCo/reiwdP/2JoqbHWMf/bK9w 30=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GH u/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZ DJSLBKFrpodEXfbfq1bw5yCrxC1KFAo2++9UbJCyLuUImqTFd30sxyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vmpU3JmlQGJE m1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMroNcqDRDrthiUZRJggmZ/U0GQnOGcmIJZVrYWwkbUU0Z2nQqNgR/+eVV0rq o+V7Nv7+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c6L86787FoLTnFzDH8gfP5AyOgjbA=</latexit><latexit sha1_base64="NCo/reiwdP/2JoqbHWMf/bK9w 30=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GH u/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZ DJSLBKFrpodEXfbfq1bw5yCrxC1KFAo2++9UbJCyLuUImqTFd30sxyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vmpU3JmlQGJE m1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMroNcqDRDrthiUZRJggmZ/U0GQnOGcmIJZVrYWwkbUU0Z2nQqNgR/+eVV0rq o+V7Nv7+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c6L86787FoLTnFzDH8gfP5AyOgjbA=</latexit><latexit sha1_base64="NCo/reiwdP/2JoqbHWMf/bK9w 30=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GH u/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZ DJSLBKFrpodEXfbfq1bw5yCrxC1KFAo2++9UbJCyLuUImqTFd30sxyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vmpU3JmlQGJE m1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMroNcqDRDrthiUZRJggmZ/U0GQnOGcmIJZVrYWwkbUU0Z2nQqNgR/+eVV0rq o+V7Nv7+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c6L86787FoLTnFzDH8gfP5AyOgjbA=</latexit><latexit sha1_base64="NCo/reiwdP/2JoqbHWMf/bK9w 30=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GH u/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZ DJSLBKFrpodEXfbfq1bw5yCrxC1KFAo2++9UbJCyLuUImqTFd30sxyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vmpU3JmlQGJE m1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMroNcqDRDrthiUZRJggmZ/U0GQnOGcmIJZVrYWwkbUU0Z2nQqNgR/+eVV0rq o+V7Nv7+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c6L86787FoLTnFzDH8gfP5AyOgjbA=</latexit>
Pf
<latexit sha1_base64="ij ZVSPmmJHnh7hg9CGx7Jkp+Gvw=">AAAB6nicbVBNS8NAEJ3 Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/g QvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmV nm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHA dji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9NPpR3616NW8Oskr 8glShQKPvfvUGCctilIYJqnXX91IT5FQZzgROK71MY0rZmA 6xa6mkMeogn586JWdWGZAoUbakIXP190ROY60ncWg7Y2pGe tmbif953cxE10HOZZoZlGyxKMoEMQmZ/U0GXCEzYmIJZYrb WwkbUUWZselUbAj+8surpHVR872af39Zrd8UcZThBE7hHHy 4gjrcQQOawGAIz/AKb45wXpx352PRWnKKmWP4A+fzBx8Uja 0=</latexit><latexit sha1_base64="ij ZVSPmmJHnh7hg9CGx7Jkp+Gvw=">AAAB6nicbVBNS8NAEJ3 Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/g QvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmV nm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHA dji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9NPpR3616NW8Oskr 8glShQKPvfvUGCctilIYJqnXX91IT5FQZzgROK71MY0rZmA 6xa6mkMeogn586JWdWGZAoUbakIXP190ROY60ncWg7Y2pGe tmbif953cxE10HOZZoZlGyxKMoEMQmZ/U0GXCEzYmIJZYrb WwkbUUWZselUbAj+8surpHVR872af39Zrd8UcZThBE7hHHy 4gjrcQQOawGAIz/AKb45wXpx352PRWnKKmWP4A+fzBx8Uja 0=</latexit><latexit sha1_base64="ij ZVSPmmJHnh7hg9CGx7Jkp+Gvw=">AAAB6nicbVBNS8NAEJ3 Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/g QvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmV nm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHA dji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9NPpR3616NW8Oskr 8glShQKPvfvUGCctilIYJqnXX91IT5FQZzgROK71MY0rZmA 6xa6mkMeogn586JWdWGZAoUbakIXP190ROY60ncWg7Y2pGe tmbif953cxE10HOZZoZlGyxKMoEMQmZ/U0GXCEzYmIJZYrb WwkbUUWZselUbAj+8surpHVR872af39Zrd8UcZThBE7hHHy 4gjrcQQOawGAIz/AKb45wXpx352PRWnKKmWP4A+fzBx8Uja 0=</latexit><latexit sha1_base64="ij ZVSPmmJHnh7hg9CGx7Jkp+Gvw=">AAAB6nicbVBNS8NAEJ3 Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/g QvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmV nm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHA dji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9NPpR3616NW8Oskr 8glShQKPvfvUGCctilIYJqnXX91IT5FQZzgROK71MY0rZmA 6xa6mkMeogn586JWdWGZAoUbakIXP190ROY60ncWg7Y2pGe tmbif953cxE10HOZZoZlGyxKMoEMQmZ/U0GXCEzYmIJZYrb WwkbUUWZselUbAj+8surpHVR872af39Zrd8UcZThBE7hHHy 4gjrcQQOawGAIz/AKb45wXpx352PRWnKKmWP4A+fzBx8Uja 0=</latexit>
q + Pf   Pi
<latexit sha1_base64="Hy7tmHHW/olt4ODN8T/hEtu24 uM=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSIIYklE0GPRi8cI9kPaEDbbTbt0dxN3N0IJ/RVePCji1Z/jzX/jts1BWx8MP N6bYWZelHKmjet+O0vLK6tr66WN8ubW9s5uZW+/qZNMEdogCU9UO8KaciZpwzDDaTtVFIuI01Y0vJn4rSeqNEvkvRmlNBC 4L1nMCDZWeng89cP4zA9ZWKm6NXcKtEi8glShgB9Wvrq9hGSCSkM41rrjuakJcqwMI5yOy91M0xSTIe7TjqUSC6qDfHrwG B1bpYfiRNmSBk3V3xM5FlqPRGQ7BTYDPe9NxP+8TmbiqyBnMs0MlWS2KM44MgmafI96TFFi+MgSTBSztyIywAoTYzMq2xC 8+ZcXSfO85rk17+6iWr8u4ijBIRzBCXhwCXW4BR8aQEDAM7zCm6OcF+fd+Zi1LjnFzAH8gfP5A+Bij8o=</latexit><latexit sha1_base64="Hy7tmHHW/olt4ODN8T/hEtu24 uM=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSIIYklE0GPRi8cI9kPaEDbbTbt0dxN3N0IJ/RVePCji1Z/jzX/jts1BWx8MP N6bYWZelHKmjet+O0vLK6tr66WN8ubW9s5uZW+/qZNMEdogCU9UO8KaciZpwzDDaTtVFIuI01Y0vJn4rSeqNEvkvRmlNBC 4L1nMCDZWeng89cP4zA9ZWKm6NXcKtEi8glShgB9Wvrq9hGSCSkM41rrjuakJcqwMI5yOy91M0xSTIe7TjqUSC6qDfHrwG B1bpYfiRNmSBk3V3xM5FlqPRGQ7BTYDPe9NxP+8TmbiqyBnMs0MlWS2KM44MgmafI96TFFi+MgSTBSztyIywAoTYzMq2xC 8+ZcXSfO85rk17+6iWr8u4ijBIRzBCXhwCXW4BR8aQEDAM7zCm6OcF+fd+Zi1LjnFzAH8gfP5A+Bij8o=</latexit><latexit sha1_base64="Hy7tmHHW/olt4ODN8T/hEtu24 uM=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSIIYklE0GPRi8cI9kPaEDbbTbt0dxN3N0IJ/RVePCji1Z/jzX/jts1BWx8MP N6bYWZelHKmjet+O0vLK6tr66WN8ubW9s5uZW+/qZNMEdogCU9UO8KaciZpwzDDaTtVFIuI01Y0vJn4rSeqNEvkvRmlNBC 4L1nMCDZWeng89cP4zA9ZWKm6NXcKtEi8glShgB9Wvrq9hGSCSkM41rrjuakJcqwMI5yOy91M0xSTIe7TjqUSC6qDfHrwG B1bpYfiRNmSBk3V3xM5FlqPRGQ7BTYDPe9NxP+8TmbiqyBnMs0MlWS2KM44MgmafI96TFFi+MgSTBSztyIywAoTYzMq2xC 8+ZcXSfO85rk17+6iWr8u4ijBIRzBCXhwCXW4BR8aQEDAM7zCm6OcF+fd+Zi1LjnFzAH8gfP5A+Bij8o=</latexit><latexit sha1_base64="Hy7tmHHW/olt4ODN8T/hEtu24 uM=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSIIYklE0GPRi8cI9kPaEDbbTbt0dxN3N0IJ/RVePCji1Z/jzX/jts1BWx8MP N6bYWZelHKmjet+O0vLK6tr66WN8ubW9s5uZW+/qZNMEdogCU9UO8KaciZpwzDDaTtVFIuI01Y0vJn4rSeqNEvkvRmlNBC 4L1nMCDZWeng89cP4zA9ZWKm6NXcKtEi8glShgB9Wvrq9hGSCSkM41rrjuakJcqwMI5yOy91M0xSTIe7TjqUSC6qDfHrwG B1bpYfiRNmSBk3V3xM5FlqPRGQ7BTYDPe9NxP+8TmbiqyBnMs0MlWS2KM44MgmafI96TFFi+MgSTBSztyIywAoTYzMq2xC 8+ZcXSfO85rk17+6iWr8u4ijBIRzBCXhwCXW4BR8aQEDAM7zCm6OcF+fd+Zi1LjnFzAH8gfP5A+Bij8o=</latexit>
q
<latexit sha1_base64="6st+2unI49vTKzHpFrX8LltbN i8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN3N0IJ/QVePCji1Z/kzX/jts1BWx8MP N6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+h Q8pAzaqzUeOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW 9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh 6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB252M9Q==</latexit><latexit sha1_base64="6st+2unI49vTKzHpFrX8LltbN i8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN3N0IJ/QVePCji1Z/kzX/jts1BWx8MP N6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+h Q8pAzaqzUeOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW 9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh 6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB252M9Q==</latexit><latexit sha1_base64="6st+2unI49vTKzHpFrX8LltbN i8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN3N0IJ/QVePCji1Z/kzX/jts1BWx8MP N6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+h Q8pAzaqzUeOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW 9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh 6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB252M9Q==</latexit><latexit sha1_base64="6st+2unI49vTKzHpFrX8LltbN i8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN3N0IJ/QVePCji1Z/kzX/jts1BWx8MP N6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+h Q8pAzaqzUeOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW 9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh 6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB252M9Q==</latexit>
Pi
<latexit sha1_base64="NCo/reiwdP/2JoqbHWMf/bK9w30=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8 eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpodEXfbfq1bw5yCrxC1KFAo2++9UbJCyLuUImqT Fd30sxyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vmpU3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMroNcqDRDrthiUZRJggmZ/U0GQnOGcmIJZVrYWwkbUU0Z2nQqNgR/+eVV0rqo+V7Nv7+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c6L8 6787FoLTnFzDH8gfP5AyOgjbA=</latexit><latexit sha1_base64="NCo/reiwdP/2JoqbHWMf/bK9w30=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8 eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpodEXfbfq1bw5yCrxC1KFAo2++9UbJCyLuUImqT Fd30sxyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vmpU3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMroNcqDRDrthiUZRJggmZ/U0GQnOGcmIJZVrYWwkbUU0Z2nQqNgR/+eVV0rqo+V7Nv7+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c6L8 6787FoLTnFzDH8gfP5AyOgjbA=</latexit><latexit sha1_base64="NCo/reiwdP/2JoqbHWMf/bK9w30=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8 eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpodEXfbfq1bw5yCrxC1KFAo2++9UbJCyLuUImqT Fd30sxyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vmpU3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMroNcqDRDrthiUZRJggmZ/U0GQnOGcmIJZVrYWwkbUU0Z2nQqNgR/+eVV0rqo+V7Nv7+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c6L8 6787FoLTnFzDH8gfP5AyOgjbA=</latexit><latexit sha1_base64="NCo/reiwdP/2JoqbHWMf/bK9w30=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8 eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpodEXfbfq1bw5yCrxC1KFAo2++9UbJCyLuUImqT Fd30sxyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vmpU3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMroNcqDRDrthiUZRJggmZ/U0GQnOGcmIJZVrYWwkbUU0Z2nQqNgR/+eVV0rqo+V7Nv7+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c6L8 6787FoLTnFzDH8gfP5AyOgjbA=</latexit>
Pf
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FIG. 2: A diagrammatic expansion of the Compton amplitude defined in Eqs. (31) and (32). Here, the
aim is to display explicitly all two-hadron intermediate states in the s-channel, as represented in Eq. (36).
In addition, single-particle intermediate states are separated, though these play a less important role in
the finite-volume analysis of this section. The two-current vertex, as well as the 1→ 2 kernel, contain no
two-particle singularities below three-particle production thresholds. Representative contributions to the
former and the latter are shown for a given theory in the bottom-right and bottom-left panels, respectively.
The black circle represents the 2→ 2 scattering amplitude, M.
with the momentum and position coordinates still carrying Minkwoski signature. The integrals
over time coordinates are as above, but those over space coordinates are restricted to the finite
cubic volume, as indicated by the L subscript. A similar LSZ reduction can be implemented here
to reach
iTL(ω, q) ≡ − lim
P 0i →Ei(Pi),P 0f→Ef (Pf )
(
P 2i −M2i
)(
P 2f −M2f
)
CL(Pf , Pi, q) , (34)
= 2L3
√
EiEf
∫
L
d4x eiωt−iq·x 〈Pf , L|T{iJA(x)iOB(0)} |Pi, L〉L,conn. . (35)
This provides an alternative definition for TL(ω, q), the finite-volume counterpart of the Compton
amplitude introduced in Eq. (18).
At this point, the goal is to quantify the difference between Eqs. (32) and (35). These quantities
correspond directly to the correlation functions studied by KSS [52] and generalized by two of us
in Ref. [75]. For completeness of the presentation, some details of the derivation will be repeated
here. The first step is to derive a diagrammatic representation of the infinite-volume correlation
function that explicitly displays all two-particle intermediate states. The result, illustrated in
Fig. 2, can be represented algebraically in the following compact form:
T = T −
[ ∞∑
n=0
H[J ]2→1
[−⊗ I ⊗M]n ⊗ I ⊗H[O]1→2 + (J ↔ O)
]
, (36)
where we have chosen to work directly with T instead of C and have thus amputated all single-
particle operator-dependent terms on both sides of the equations. Here, five new building blocks
are introduced: T , H[X]2→1 , ⊗I⊗, M, and H[X]1→2 with X = J or O, to be explained in turn.
First, as a general rule, we use the overline to indicate a quantity in which all s-channel, two-
particle-reducible diagrams have been discarded. Thus H[X]2→1 and H[X]1→2 are generated by first
developing a diagrammatic expansion for Eqs. (26)-(29), and then discarding all diagrams that
fall into disconnected pieces when any two lines, carrying the total four-momentum of the system,
are cut. The quantityM, referred to as the Bethe-Salpeter kernel, is defined in exactly the same
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way, but with the 2 → 2 hadronic amplitude in place of H[X]2→1(1→2).7 The quantum numbers
associated with M and I (as well as those of S introduced below) are deduced from those of
H[X]2→1(1→2) present in each term.
In Eq. (36), the various two-particle irreducible (2PI) quantities are combined via integrals
over two-particle loops, denoted by ⊗I⊗. This symbol is thus built from two fully-dressed
propagators, the requisite symmetry factor and the loop integral. The ⊗ symbol is meant to
stress that the quantities are connected in a complicated way, in particular by integration over
the loop momentum. This results in H2→1, M and H1→2 being evaluated at off-shell values of
the momenta as well. As an explicit example, one has
H[J ]2→1 ⊗ iI ⊗M ≡
∑
a
ξa
∫
d4k
(2pi)4
H[J ]2→1(Pf , q ; k, Pf + q − k)
×∆a1(k)∆a2(Pf + q − k)×M(k, Pf + q − k ; Pf , q) , (37)
where ∆a1 and ∆a2 are the fully dressed propagators for particles 1 and 2 in channel a, in accord
with the quantum numbers of state O|Pi〉. ξa = 1/2 if the particles in channel a are identical
and 1 otherwise. Momentum dependences on the left and right of the semicolon in the arguments
refer to the momenta of incoming and outgoing pairs of hadrons, respectively.
From the definitions of ⊗I⊗ and the various 2PI quantities, three important identities directly
emerge:
H[J ]2→1 = H
[J ]
2→1
∞∑
n=0
[−⊗ I ⊗M]n , (38)
H[O]1→2 =
∞∑
n=0
[−M⊗ I⊗]nH[O]1→2 , (39)
M =
∞∑
n=0
[−M⊗ I⊗]nM =M ∞∑
n=0
[−⊗ I ⊗M]n , (40)
with analogous relations for J ↔ O in Eq. (38)-(39). These are used in the derivation to express
the finite-volume function, TL, in terms of the physical amplitudes appearing on the left-hand
sides. Finally, T in Eq. (36) is defined by all diagrams not included in the other terms. This
includes all connected 2PI contributions to T as well as diagrams that contain a single-particle
intermediate state, as shown in Fig. 2.
The purpose of the skeleton expansion for T is twofold. First, it allows to identify all sources
of singularities, as well as imaginary contributions to T . This will play a key role in Sec. IV
where the unitarity of the amplitudes is established. Second, it enables identifying all power-like
L-dependences in its finite-volume analog, TL, defined in Eq. (34). In particular, as discussed in
more detail in Refs. [52, 55–58, 73, 75], one can show that
TL = T −
[ ∞∑
n=0
H[J ]2→1
[−⊗ S ⊗M]n ⊗ S ⊗H[O]1→2 + (J ↔ O)
]
. (41)
Here all quantities are as above except for ⊗S⊗. This is defined exactly as ⊗I⊗ but with
the replacement
∫
d3k/(2pi)3 −→ (1/L3)∑k, see the example in Eq. (37). The sum runs over
all three-momenta allowed by the finite-volume boundary conditions, in particular k = 2pin/L
where n is a vector of integers.
Having set up the diagrammatic expansions for TL and T , one can now substitute ⊗S⊗ =
⊗I ⊗ +F , where F is a finite-volume cut, defined by this relation and given more explicitly in
7 This quantity was named B in Ref. [82].
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<latexit sh a1_base64="HQuG3SURU PdGRP218vcwzf0dy0s="> AAACB3icbVDLSsNAFL3x WeMr6lKQYBEES0lE0I1Qd OOyQl/QhDKZTtqhk0mYm QgldOfGX3HjQhG3/oI7/8 ZJm4W2Hhg495x7mXtPkD AqleN8G0vLK6tr66UNc3N re2fX2ttvyTgVmDRxzGL RCZAkjHLSVFQx0kkEQVHA SDsY3eZ++4EISWPeUOOE +BEacBpSjJSWetYR9SKkh hixrDG5NmdVEOrCq3iVs 55VdqrOFPYicQtShgL1nv Xl9WOcRoQrzJCUXddJlJ 8hoShmZGJ6qSQJwiM0IF1 NOYqI9LPpHRP7RCt9O4y FflzZU/X3RIYiKcdRoDvz NeW8l4v/ed1UhVd+RnmS KsLx7KMwZbaK7TwUu08Fw YqNNUFYUL2rjYdIIKx0d KYOwZ0/eZG0zquuU3XvL8 q1myKOEhzCMZyCC5dQgz uoQxMwPMIzvMKb8WS8GO/ Gx6x1yShmDuAPjM8fF0G Yxw==</latexit><latexit sh a1_base64="HQuG3SURU PdGRP218vcwzf0dy0s="> AAACB3icbVDLSsNAFL3x WeMr6lKQYBEES0lE0I1Qd OOyQl/QhDKZTtqhk0mYm QgldOfGX3HjQhG3/oI7/8 ZJm4W2Hhg495x7mXtPkD AqleN8G0vLK6tr66UNc3N re2fX2ttvyTgVmDRxzGL RCZAkjHLSVFQx0kkEQVHA SDsY3eZ++4EISWPeUOOE +BEacBpSjJSWetYR9SKkh hixrDG5NmdVEOrCq3iVs 55VdqrOFPYicQtShgL1nv Xl9WOcRoQrzJCUXddJlJ 8hoShmZGJ6qSQJwiM0IF1 NOYqI9LPpHRP7RCt9O4y FflzZU/X3RIYiKcdRoDvz NeW8l4v/ed1UhVd+RnmS KsLx7KMwZbaK7TwUu08Fw YqNNUFYUL2rjYdIIKx0d KYOwZ0/eZG0zquuU3XvL8 q1myKOEhzCMZyCC5dQgz uoQxMwPMIzvMKb8WS8GO/ Gx6x1yShmDuAPjM8fF0G Yxw==</latexit><latexit sh a1_base64="HQuG3SURU PdGRP218vcwzf0dy0s="> AAACB3icbVDLSsNAFL3x WeMr6lKQYBEES0lE0I1Qd OOyQl/QhDKZTtqhk0mYm QgldOfGX3HjQhG3/oI7/8 ZJm4W2Hhg495x7mXtPkD AqleN8G0vLK6tr66UNc3N re2fX2ttvyTgVmDRxzGL RCZAkjHLSVFQx0kkEQVHA SDsY3eZ++4EISWPeUOOE +BEacBpSjJSWetYR9SKkh hixrDG5NmdVEOrCq3iVs 55VdqrOFPYicQtShgL1nv Xl9WOcRoQrzJCUXddJlJ 8hoShmZGJ6qSQJwiM0IF1 NOYqI9LPpHRP7RCt9O4y FflzZU/X3RIYiKcdRoDvz NeW8l4v/ed1UhVd+RnmS KsLx7KMwZbaK7TwUu08Fw YqNNUFYUL2rjYdIIKx0d KYOwZ0/eZG0zquuU3XvL8 q1myKOEhzCMZyCC5dQgz uoQxMwPMIzvMKb8WS8GO/ Gx6x1yShmDuAPjM8fF0G Yxw==</latexit><latexit sh a1_base64="HQuG3SURU PdGRP218vcwzf0dy0s="> AAACB3icbVDLSsNAFL3x WeMr6lKQYBEES0lE0I1Qd OOyQl/QhDKZTtqhk0mYm QgldOfGX3HjQhG3/oI7/8 ZJm4W2Hhg495x7mXtPkD AqleN8G0vLK6tr66UNc3N re2fX2ttvyTgVmDRxzGL RCZAkjHLSVFQx0kkEQVHA SDsY3eZ++4EISWPeUOOE +BEacBpSjJSWetYR9SKkh hixrDG5NmdVEOrCq3iVs 55VdqrOFPYicQtShgL1nv Xl9WOcRoQrzJCUXddJlJ 8hoShmZGJ6qSQJwiM0IF1 NOYqI9LPpHRP7RCt9O4y FflzZU/X3RIYiKcdRoDvz NeW8l4v/ed1UhVd+RnmS KsLx7KMwZbaK7TwUu08Fw YqNNUFYUL2rjYdIIKx0d KYOwZ0/eZG0zquuU3XvL8 q1myKOEhzCMZyCC5dQgz uoQxMwPMIzvMKb8WS8GO/ Gx6x1yShmDuAPjM8fF0G Yxw==</latexit>
iH
<latexit sha1_base64="AOv8kZjX0b2E19+gzktsZrLnepE=">AAAB8nicbVDLSsNAFL2pr1 pfVZduBovgqiQi6LLopssK9gFtKJPppB06mYSZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPkEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2m97nff eLaiFg94izhfkTHSoSCUbRSXwwiipMgzJrzYbXm1t0FyDrxClKDAq1h9WswilkacYVMUmP6npugn1GNgkk+rwxSwxPKpnTM+5YqGnHjZ4vIc3JhlREJY22fQrJQf29kNDJmFgV2Mk9oVr1c/M/r pxje+plQSYpcseVHYSoJxiS/n4yE5gzlzBLKtLBZCZtQTRnaliq2BG/15HXSuap7bt17uK417oo6ynAG53AJHtxAA5rQgjYwiOEZXuHNQefFeXc+lqMlp9g5hT9wPn8AfIyRXw==</latexit><latexit sha1_base64="AOv8kZjX0b2E19+gzktsZrLnepE=">AAAB8nicbVDLSsNAFL2pr1 pfVZduBovgqiQi6LLopssK9gFtKJPppB06mYSZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPkEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2m97nff eLaiFg94izhfkTHSoSCUbRSXwwiipMgzJrzYbXm1t0FyDrxClKDAq1h9WswilkacYVMUmP6npugn1GNgkk+rwxSwxPKpnTM+5YqGnHjZ4vIc3JhlREJY22fQrJQf29kNDJmFgV2Mk9oVr1c/M/r pxje+plQSYpcseVHYSoJxiS/n4yE5gzlzBLKtLBZCZtQTRnaliq2BG/15HXSuap7bt17uK417oo6ynAG53AJHtxAA5rQgjYwiOEZXuHNQefFeXc+lqMlp9g5hT9wPn8AfIyRXw==</latexit><latexit sha1_base64="AOv8kZjX0b2E19+gzktsZrLnepE=">AAAB8nicbVDLSsNAFL2pr1 pfVZduBovgqiQi6LLopssK9gFtKJPppB06mYSZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPkEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2m97nff eLaiFg94izhfkTHSoSCUbRSXwwiipMgzJrzYbXm1t0FyDrxClKDAq1h9WswilkacYVMUmP6npugn1GNgkk+rwxSwxPKpnTM+5YqGnHjZ4vIc3JhlREJY22fQrJQf29kNDJmFgV2Mk9oVr1c/M/r pxje+plQSYpcseVHYSoJxiS/n4yE5gzlzBLKtLBZCZtQTRnaliq2BG/15HXSuap7bt17uK417oo6ynAG53AJHtxAA5rQgjYwiOEZXuHNQefFeXc+lqMlp9g5hT9wPn8AfIyRXw==</latexit><latexit sha1_base64="AOv8kZjX0b2E19+gzktsZrLnepE=">AAAB8nicbVDLSsNAFL2pr1 pfVZduBovgqiQi6LLopssK9gFtKJPppB06mYSZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPkEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2m97nff eLaiFg94izhfkTHSoSCUbRSXwwiipMgzJrzYbXm1t0FyDrxClKDAq1h9WswilkacYVMUmP6npugn1GNgkk+rwxSwxPKpnTM+5YqGnHjZ4vIc3JhlREJY22fQrJQf29kNDJmFgV2Mk9oVr1c/M/r pxje+plQSYpcseVHYSoJxiS/n4yE5gzlzBLKtLBZCZtQTRnaliq2BG/15HXSuap7bt17uK417oo6ynAG53AJHtxAA5rQgjYwiOEZXuHNQefFeXc+lqMlp9g5hT9wPn8AfIyRXw==</latexit>
iK
<latexit sha1_base64="mcT45iH/UMdILOQLsmvwhfGmgqU=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoRnBTwT6gCWUyvW2HTiZhZiKU0N9w40IRt/6MO//GSZuFth4YOJxzL/ fMCRPBtXHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFcMWi0WsuiHVKLjEluFGYDdRSKNQYCec3OZ+5wmV5rF8NNMEg4iOJB9yRo2VfO5H1IwZFdn9rF+tuXV3DrJKvILUoECzX/3yBzFLI5SGCap1z3MTE2RUGc4Ezip+qjGhbEJH2LNU0gh1kM0zz8iZVQZkGCv7pCFz9fdGRiOtp1FoJ/OIetnLxf+8XmqG10HGZZIalGxxaJgKYmKSF0AGXCEzYmoJZYrbrISNqaLM2JoqtgRv+curpH1R99y6 93BZa9wUdZThBE7hHDy4ggbcQRNawCCBZ3iFNyd1Xpx352MxWnKKnWP4A+fzB0gukdQ=</latexit><latexit sha1_base64="mcT45iH/UMdILOQLsmvwhfGmgqU=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoRnBTwT6gCWUyvW2HTiZhZiKU0N9w40IRt/6MO//GSZuFth4YOJxzL/ fMCRPBtXHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFcMWi0WsuiHVKLjEluFGYDdRSKNQYCec3OZ+5wmV5rF8NNMEg4iOJB9yRo2VfO5H1IwZFdn9rF+tuXV3DrJKvILUoECzX/3yBzFLI5SGCap1z3MTE2RUGc4Ezip+qjGhbEJH2LNU0gh1kM0zz8iZVQZkGCv7pCFz9fdGRiOtp1FoJ/OIetnLxf+8XmqG10HGZZIalGxxaJgKYmKSF0AGXCEzYmoJZYrbrISNqaLM2JoqtgRv+curpH1R99y6 93BZa9wUdZThBE7hHDy4ggbcQRNawCCBZ3iFNyd1Xpx352MxWnKKnWP4A+fzB0gukdQ=</latexit><latexit sha1_base64="mcT45iH/UMdILOQLsmvwhfGmgqU=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoRnBTwT6gCWUyvW2HTiZhZiKU0N9w40IRt/6MO//GSZuFth4YOJxzL/ fMCRPBtXHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFcMWi0WsuiHVKLjEluFGYDdRSKNQYCec3OZ+5wmV5rF8NNMEg4iOJB9yRo2VfO5H1IwZFdn9rF+tuXV3DrJKvILUoECzX/3yBzFLI5SGCap1z3MTE2RUGc4Ezip+qjGhbEJH2LNU0gh1kM0zz8iZVQZkGCv7pCFz9fdGRiOtp1FoJ/OIetnLxf+8XmqG10HGZZIalGxxaJgKYmKSF0AGXCEzYmoJZYrbrISNqaLM2JoqtgRv+curpH1R99y6 93BZa9wUdZThBE7hHDy4ggbcQRNawCCBZ3iFNyd1Xpx352MxWnKKnWP4A+fzB0gukdQ=</latexit><latexit sha1_base64="mcT45iH/UMdILOQLsmvwhfGmgqU=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoRnBTwT6gCWUyvW2HTiZhZiKU0N9w40IRt/6MO//GSZuFth4YOJxzL/ fMCRPBtXHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFcMWi0WsuiHVKLjEluFGYDdRSKNQYCec3OZ+5wmV5rF8NNMEg4iOJB9yRo2VfO5H1IwZFdn9rF+tuXV3DrJKvILUoECzX/3yBzFLI5SGCap1z3MTE2RUGc4Ezip+qjGhbEJH2LNU0gh1kM0zz8iZVQZkGCv7pCFz9fdGRiOtp1FoJ/OIetnLxf+8XmqG10HGZZIalGxxaJgKYmKSF0AGXCEzYmoJZYrbrISNqaLM2JoqtgRv+curpH1R99y6 93BZa9wUdZThBE7hHDy4ggbcQRNawCCBZ3iFNyd1Xpx352MxWnKKnWP4A+fzB0gukdQ=</latexit>
+iT = iT +
<latexit sh a1_base64="HQuG3SURU PdGRP218vcwzf0dy0s="> AAACB3icbVDLSsNAFL3x WeMr6lKQYBEES0lE0I1Qd OOyQl/QhDKZTtqhk0mYm QgldOfGX3HjQhG3/oI7/8 ZJm4W2Hhg495x7mXtPkD AqleN8G0vLK6tr66UNc3N re2fX2ttvyTgVmDRxzGL RCZAkjHLSVFQx0kkEQVHA SDsY3eZ++4EISWPeUOOE +BEacBpSjJSWetYR9SKkh hixrDG5NmdVEOrCq3iVs 55VdqrOFPYicQtShgL1nv Xl9WOcRoQrzJCUXddJlJ 8hoShmZGJ6qSQJwiM0IF1 NOYqI9LPpHRP7RCt9O4y FflzZU/X3RIYiKcdRoDvz NeW8l4v/ed1UhVd+RnmS KsLx7KMwZbaK7TwUu08Fw YqNNUFYUL2rjYdIIKx0d KYOwZ0/eZG0zquuU3XvL8 q1myKOEhzCMZyCC5dQgz uoQxMwPMIzvMKb8WS8GO/ Gx6x1yShmDuAPjM8fF0G Yxw==</latexit><latexit sh a1_base64="HQuG3SURU PdGRP218vcwzf0dy0s="> AAACB3icbVDLSsNAFL3x WeMr6lKQYBEES0lE0I1Qd OOyQl/QhDKZTtqhk0mYm QgldOfGX3HjQhG3/oI7/8 ZJm4W2Hhg495x7mXtPkD AqleN8G0vLK6tr66UNc3N re2fX2ttvyTgVmDRxzGL RCZAkjHLSVFQx0kkEQVHA SDsY3eZ++4EISWPeUOOE +BEacBpSjJSWetYR9SKkh hixrDG5NmdVEOrCq3iVs 55VdqrOFPYicQtShgL1nv Xl9WOcRoQrzJCUXddJlJ 8hoShmZGJ6qSQJwiM0IF1 NOYqI9LPpHRP7RCt9O4y FflzZU/X3RIYiKcdRoDvz NeW8l4v/ed1UhVd+RnmS KsLx7KMwZbaK7TwUu08Fw YqNNUFYUL2rjYdIIKx0d KYOwZ0/eZG0zquuU3XvL8 q1myKOEhzCMZyCC5dQgz uoQxMwPMIzvMKb8WS8GO/ Gx6x1yShmDuAPjM8fF0G Yxw==</latexit><latexit sh a1_base64="HQuG3SURU PdGRP218vcwzf0dy0s="> AAACB3icbVDLSsNAFL3x WeMr6lKQYBEES0lE0I1Qd OOyQl/QhDKZTtqhk0mYm QgldOfGX3HjQhG3/oI7/8 ZJm4W2Hhg495x7mXtPkD AqleN8G0vLK6tr66UNc3N re2fX2ttvyTgVmDRxzGL RCZAkjHLSVFQx0kkEQVHA SDsY3eZ++4EISWPeUOOE +BEacBpSjJSWetYR9SKkh hixrDG5NmdVEOrCq3iVs 55VdqrOFPYicQtShgL1nv Xl9WOcRoQrzJCUXddJlJ 8hoShmZGJ6qSQJwiM0IF1 NOYqI9LPpHRP7RCt9O4y FflzZU/X3RIYiKcdRoDvz NeW8l4v/ed1UhVd+RnmS KsLx7KMwZbaK7TwUu08Fw YqNNUFYUL2rjYdIIKx0d KYOwZ0/eZG0zquuU3XvL8 q1myKOEhzCMZyCC5dQgz uoQxMwPMIzvMKb8WS8GO/ Gx6x1yShmDuAPjM8fF0G Yxw==</latexit><latexit sh a1_base64="HQuG3SURU PdGRP218vcwzf0dy0s="> AAACB3icbVDLSsNAFL3x WeMr6lKQYBEES0lE0I1Qd OOyQl/QhDKZTtqhk0mYm QgldOfGX3HjQhG3/oI7/8 ZJm4W2Hhg495x7mXtPkD AqleN8G0vLK6tr66UNc3N re2fX2ttvyTgVmDRxzGL RCZAkjHLSVFQx0kkEQVHA SDsY3eZ++4EISWPeUOOE +BEacBpSjJSWetYR9SKkh hixrDG5NmdVEOrCq3iVs 55VdqrOFPYicQtShgL1nv Xl9WOcRoQrzJCUXddJlJ 8hoShmZGJ6qSQJwiM0IF1 NOYqI9LPpHRP7RCt9O4y FflzZU/X3RIYiKcdRoDvz NeW8l4v/ed1UhVd+RnmS KsLx7KMwZbaK7TwUu08Fw YqNNUFYUL2rjYdIIKx0d KYOwZ0/eZG0zquuU3XvL8 q1myKOEhzCMZyCC5dQgz uoQxMwPMIzvMKb8WS8GO/ Gx6x1yShmDuAPjM8fF0G Yxw==</latexit>
⇢
<latexit sha1_base64="PjOC8f12GtePOBgdPx3dJet4XJk=">AAAB63icbVB NS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5 RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtpoBM1rDf8pj8HWiVBSRpQoj2sfw1GimSCSks4NqYf+KkNc6wtI5zOaoPM0BSTCR7TvqM SC2rCfH7rDJ05ZYRipV1Ji+bq74kcC2OmInKdAtvELHuF+J/Xz2x8HeZMppmlkiwWxRlHVqHicTRimhLLp45gopm7FZEEa0ysi6fmQgiWX14l3Ytm4DeD+8tG66a MowoncArnEMAVtOAO2tABAgk8wyu8ecJ78d69j0VrxStnjuEPvM8fH6yORw==</latexit><latexit sha1_base64="PjOC8f12GtePOBgdPx3dJet4XJk=">AAAB63icbVB NS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5 RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtpoBM1rDf8pj8HWiVBSRpQoj2sfw1GimSCSks4NqYf+KkNc6wtI5zOaoPM0BSTCR7TvqM SC2rCfH7rDJ05ZYRipV1Ji+bq74kcC2OmInKdAtvELHuF+J/Xz2x8HeZMppmlkiwWxRlHVqHicTRimhLLp45gopm7FZEEa0ysi6fmQgiWX14l3Ytm4DeD+8tG66a MowoncArnEMAVtOAO2tABAgk8wyu8ecJ78d69j0VrxStnjuEPvM8fH6yORw==</latexit><latexit sha1_base64="PjOC8f12GtePOBgdPx3dJet4XJk=">AAAB63icbVB NS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5 RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtpoBM1rDf8pj8HWiVBSRpQoj2sfw1GimSCSks4NqYf+KkNc6wtI5zOaoPM0BSTCR7TvqM SC2rCfH7rDJ05ZYRipV1Ji+bq74kcC2OmInKdAtvELHuF+J/Xz2x8HeZMppmlkiwWxRlHVqHicTRimhLLp45gopm7FZEEa0ysi6fmQgiWX14l3Ytm4DeD+8tG66a MowoncArnEMAVtOAO2tABAgk8wyu8ecJ78d69j0VrxStnjuEPvM8fH6yORw==</latexit><latexit sha1_base64="PjOC8f12GtePOBgdPx3dJet4XJk=">AAAB63icbVB NS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5 RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtpoBM1rDf8pj8HWiVBSRpQoj2sfw1GimSCSks4NqYf+KkNc6wtI5zOaoPM0BSTCR7TvqM SC2rCfH7rDJ05ZYRipV1Ji+bq74kcC2OmInKdAtvELHuF+J/Xz2x8HeZMppmlkiwWxRlHVqHicTRimhLLp45gopm7FZEEa0ysi6fmQgiWX14l3Ytm4DeD+8tG66a MowoncArnEMAVtOAO2tABAgk8wyu8ecJ78d69j0VrxStnjuEPvM8fH6yORw==</latexit>
+ + · · ·
<latexit sha1_base64="Sku1ntuTIqXGw8iVobc xRcEKgxY=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIsgKCURQY9FLx4rWFtIQ9lsNu3SzW7YnQil9Gd48aC IV3+NN/+N2zYHbX3LwuO9GWbmRZngBj3v2ymtrK6tb5Q3K1vbO7t71f2DR6NyTVmLKqF0JyKGCS5ZCzkK1 sk0I2kkWDsa3k799hPThiv5gKOMhSnpS55wStBKwVn33D4aKzS9as2rezO4y8QvSA0KNHvVr26saJ4yiVQ QYwLfyzAcE42cCjapdHPDMkKHpM8CSyVJmQnHs5Un7olVYjdR2n6J7kz93TEmqTGjNLKVKcGBWfSm4n9ek GNyHY65zHJkks4HJblwUbnT+92Ya0ZRjCwhVHO7q0sHRBOKNqWKDcFfPHmZPF7Ufa/u31/WGjdFHGU4gmM 4BR+uoAF30IQWUFDwDK/w5qDz4rw7H/PSklP0HMIfOJ8/ToCQnA==</latexit><latexit sha1_base64="Sku1ntuTIqXGw8iVobc xRcEKgxY=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIsgKCURQY9FLx4rWFtIQ9lsNu3SzW7YnQil9Gd48aC IV3+NN/+N2zYHbX3LwuO9GWbmRZngBj3v2ymtrK6tb5Q3K1vbO7t71f2DR6NyTVmLKqF0JyKGCS5ZCzkK1 sk0I2kkWDsa3k799hPThiv5gKOMhSnpS55wStBKwVn33D4aKzS9as2rezO4y8QvSA0KNHvVr26saJ4yiVQ QYwLfyzAcE42cCjapdHPDMkKHpM8CSyVJmQnHs5Un7olVYjdR2n6J7kz93TEmqTGjNLKVKcGBWfSm4n9ek GNyHY65zHJkks4HJblwUbnT+92Ya0ZRjCwhVHO7q0sHRBOKNqWKDcFfPHmZPF7Ufa/u31/WGjdFHGU4gmM 4BR+uoAF30IQWUFDwDK/w5qDz4rw7H/PSklP0HMIfOJ8/ToCQnA==</latexit><latexit sha1_base64="Sku1ntuTIqXGw8iVobc xRcEKgxY=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIsgKCURQY9FLx4rWFtIQ9lsNu3SzW7YnQil9Gd48aC IV3+NN/+N2zYHbX3LwuO9GWbmRZngBj3v2ymtrK6tb5Q3K1vbO7t71f2DR6NyTVmLKqF0JyKGCS5ZCzkK1 sk0I2kkWDsa3k799hPThiv5gKOMhSnpS55wStBKwVn33D4aKzS9as2rezO4y8QvSA0KNHvVr26saJ4yiVQ QYwLfyzAcE42cCjapdHPDMkKHpM8CSyVJmQnHs5Un7olVYjdR2n6J7kz93TEmqTGjNLKVKcGBWfSm4n9ek GNyHY65zHJkks4HJblwUbnT+92Ya0ZRjCwhVHO7q0sHRBOKNqWKDcFfPHmZPF7Ufa/u31/WGjdFHGU4gmM 4BR+uoAF30IQWUFDwDK/w5qDz4rw7H/PSklP0HMIfOJ8/ToCQnA==</latexit><latexit sha1_base64="Sku1ntuTIqXGw8iVobc xRcEKgxY=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIsgKCURQY9FLx4rWFtIQ9lsNu3SzW7YnQil9Gd48aC IV3+NN/+N2zYHbX3LwuO9GWbmRZngBj3v2ymtrK6tb5Q3K1vbO7t71f2DR6NyTVmLKqF0JyKGCS5ZCzkK1 sk0I2kkWDsa3k799hPThiv5gKOMhSnpS55wStBKwVn33D4aKzS9as2rezO4y8QvSA0KNHvVr26saJ4yiVQ QYwLfyzAcE42cCjapdHPDMkKHpM8CSyVJmQnHs5Un7olVYjdR2n6J7kz93TEmqTGjNLKVKcGBWfSm4n9ek GNyHY65zHJkks4HJblwUbnT+92Ya0ZRjCwhVHO7q0sHRBOKNqWKDcFfPHmZPF7Ufa/u31/WGjdFHGU4gmM 4BR+uoAF30IQWUFDwDK/w5qDz4rw7H/PSklP0HMIfOJ8/ToCQnA==</latexit>
iF
<latexit sha1_base64="PAL9g4gJ/H2YzDdLc wHTgsAn550=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiIB6r2A9oQ9lsN+3SzSbsToQ S+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa 6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++4lrI2L1iJOE+xEdKhEKRtFKD+K2X664VXcOskq8nFQgR6Nf /uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZ RIHtjCiOzLI3E//zuimGV34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIq aV1UPbfq3V9W6td5HEU4gVM4Bw9qUIc7aEATGITwDK/w5oydF+fd+Vi0Fpx85hj+wPn8AV7xjT0=< /latexit><latexit sha1_base64="PAL9g4gJ/H2YzDdLc wHTgsAn550=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiIB6r2A9oQ9lsN+3SzSbsToQ S+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa 6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++4lrI2L1iJOE+xEdKhEKRtFKD+K2X664VXcOskq8nFQgR6Nf /uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZ RIHtjCiOzLI3E//zuimGV34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIq aV1UPbfq3V9W6td5HEU4gVM4Bw9qUIc7aEATGITwDK/w5oydF+fd+Vi0Fpx85hj+wPn8AV7xjT0=< /latexit><latexit sha1_base64="PAL9g4gJ/H2YzDdLc wHTgsAn550=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiIB6r2A9oQ9lsN+3SzSbsToQ S+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa 6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++4lrI2L1iJOE+xEdKhEKRtFKD+K2X664VXcOskq8nFQgR6Nf /uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZ RIHtjCiOzLI3E//zuimGV34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIq aV1UPbfq3V9W6td5HEU4gVM4Bw9qUIc7aEATGITwDK/w5oydF+fd+Vi0Fpx85hj+wPn8AV7xjT0=< /latexit><latexit sha1_base64="PAL9g4gJ/H2YzDdLc wHTgsAn550=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiIB6r2A9oQ9lsN+3SzSbsToQ S+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa 6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++4lrI2L1iJOE+xEdKhEKRtFKD+K2X664VXcOskq8nFQgR6Nf /uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZ RIHtjCiOzLI3E//zuimGV34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIq aV1UPbfq3V9W6td5HEU4gVM4Bw9qUIc7aEATGITwDK/w5oydF+fd+Vi0Fpx85hj+wPn8AV7xjT0=< /latexit>
CL = C +
<latexit sh a1_base64="IufQYjG2Z4 GaUEWtg4+ZdjqK0zE=">AA AB/HicbVDLSsNAFL3xWes r2qWbwSIIlpKIoBuh2I0L FxXsA5oQJtNJO3TyYGYihF B/xY0LRdz6Ie78GydtF9p 6YOBwzr3cM8dPOJPKsr6N ldW19Y3N0lZ5e2d3b988OO zIOBWEtknMY9HzsaScRbS tmOK0lwiKQ5/Trj9uFn73 kQrJ4uhBZQl1QzyMWMAIV lryzErTu7t2QqxGBHPUdGp O7cwzq1bdmgItE3tOqjBH yzO/nEFM0pBGinAsZd+2E uXmWChGOJ2UnVTSBJMxHtK +phEOqXTzafgJOtHKAAWx 0C9SaKr+3shxKGUW+nqyi CkXvUL8z+unKrhycxYlqa IRmR0KUo5UjIom0IAJShTP NMFEMJ0VkREWmCjdV1mXY C9+eZl0zuu2VbfvL6qNm3 kdJTiCYzgFGy6hAbfQgjYQ yOAZXuHNeDJejHfjYza6Y sx3KvAHxucPktOTaA==</ latexit><latexit sh a1_base64="IufQYjG2Z4 GaUEWtg4+ZdjqK0zE=">AA AB/HicbVDLSsNAFL3xWes r2qWbwSIIlpKIoBuh2I0L FxXsA5oQJtNJO3TyYGYihF B/xY0LRdz6Ie78GydtF9p 6YOBwzr3cM8dPOJPKsr6N ldW19Y3N0lZ5e2d3b988OO zIOBWEtknMY9HzsaScRbS tmOK0lwiKQ5/Trj9uFn73 kQrJ4uhBZQl1QzyMWMAIV lryzErTu7t2QqxGBHPUdGp O7cwzq1bdmgItE3tOqjBH yzO/nEFM0pBGinAsZd+2E uXmWChGOJ2UnVTSBJMxHtK +phEOqXTzafgJOtHKAAWx 0C9SaKr+3shxKGUW+nqyi CkXvUL8z+unKrhycxYlqa IRmR0KUo5UjIom0IAJShTP NMFEMJ0VkREWmCjdV1mXY C9+eZl0zuu2VbfvL6qNm3 kdJTiCYzgFGy6hAbfQgjYQ yOAZXuHNeDJejHfjYza6Y sx3KvAHxucPktOTaA==</ latexit><latexit sh a1_base64="IufQYjG2Z4 GaUEWtg4+ZdjqK0zE=">AA AB/HicbVDLSsNAFL3xWes r2qWbwSIIlpKIoBuh2I0L FxXsA5oQJtNJO3TyYGYihF B/xY0LRdz6Ie78GydtF9p 6YOBwzr3cM8dPOJPKsr6N ldW19Y3N0lZ5e2d3b988OO zIOBWEtknMY9HzsaScRbS tmOK0lwiKQ5/Trj9uFn73 kQrJ4uhBZQl1QzyMWMAIV lryzErTu7t2QqxGBHPUdGp O7cwzq1bdmgItE3tOqjBH yzO/nEFM0pBGinAsZd+2E uXmWChGOJ2UnVTSBJMxHtK +phEOqXTzafgJOtHKAAWx 0C9SaKr+3shxKGUW+nqyi CkXvUL8z+unKrhycxYlqa IRmR0KUo5UjIom0IAJShTP NMFEMJ0VkREWmCjdV1mXY C9+eZl0zuu2VbfvL6qNm3 kdJTiCYzgFGy6hAbfQgjYQ yOAZXuHNeDJejHfjYza6Y sx3KvAHxucPktOTaA==</ latexit><latexit sh a1_base64="IufQYjG2Z4 GaUEWtg4+ZdjqK0zE=">AA AB/HicbVDLSsNAFL3xWes r2qWbwSIIlpKIoBuh2I0L FxXsA5oQJtNJO3TyYGYihF B/xY0LRdz6Ie78GydtF9p 6YOBwzr3cM8dPOJPKsr6N ldW19Y3N0lZ5e2d3b988OO zIOBWEtknMY9HzsaScRbS tmOK0lwiKQ5/Trj9uFn73 kQrJ4uhBZQl1QzyMWMAIV lryzErTu7t2QqxGBHPUdGp O7cwzq1bdmgItE3tOqjBH yzO/nEFM0pBGinAsZd+2E uXmWChGOJ2UnVTSBJMxHtK +phEOqXTzafgJOtHKAAWx 0C9SaKr+3shxKGUW+nqyi CkXvUL8z+unKrhycxYlqa IRmR0KUo5UjIom0IAJShTP NMFEMJ0VkREWmCjdV1mXY C9+eZl0zuu2VbfvL6qNm3 kdJTiCYzgFGy6hAbfQgjYQ yOAZXuHNeDJejHfjYza6Y sx3KvAHxucPktOTaA==</ latexit>
iH
<latexit sha1_base64="Lj7lNExF0HB7l9 mQCkx6atisIbA=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLopssK9gFNKDfTaT t0MgkzE6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWdOmAiujet+O6WNza3tnfJuZW//4PCo enzS0XGqKGvTWMSqF6JmgkvWNtwI1ksUwygUrBtO73O/+8SU5rF8NLOEBRGOJR9xisZKPv cjNBOKImvOB9WaW3cXIOvEK0gNCrQG1S9/GNM0YtJQgVr3PTcxQYbKcCrYvOKnmiVIpzhm fUslRkwH2SLznFxYZUhGsbJPGrJQf29kGGk9i0I7mUfUq14u/uf1UzO6DTIuk9QwSZeHRq kgJiZ5AWTIFaNGzCxBqrjNSugEFVJja6rYErzVL6+TzlXdc+vew3WtcVfUUYYzOIdL8OAG GtCEFrSBQgLP8ApvTuq8OO/Ox3K05BQ7p/AHzucPQ5+R0Q==</latexit><latexit sha1_base64="Lj7lNExF0HB7l9 mQCkx6atisIbA=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLopssK9gFNKDfTaT t0MgkzE6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWdOmAiujet+O6WNza3tnfJuZW//4PCo enzS0XGqKGvTWMSqF6JmgkvWNtwI1ksUwygUrBtO73O/+8SU5rF8NLOEBRGOJR9xisZKPv cjNBOKImvOB9WaW3cXIOvEK0gNCrQG1S9/GNM0YtJQgVr3PTcxQYbKcCrYvOKnmiVIpzhm fUslRkwH2SLznFxYZUhGsbJPGrJQf29kGGk9i0I7mUfUq14u/uf1UzO6DTIuk9QwSZeHRq kgJiZ5AWTIFaNGzCxBqrjNSugEFVJja6rYErzVL6+TzlXdc+vew3WtcVfUUYYzOIdL8OAG GtCEFrSBQgLP8ApvTuq8OO/Ox3K05BQ7p/AHzucPQ5+R0Q==</latexit><latexit sha1_base64="Lj7lNExF0HB7l9 mQCkx6atisIbA=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLopssK9gFNKDfTaT t0MgkzE6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWdOmAiujet+O6WNza3tnfJuZW//4PCo enzS0XGqKGvTWMSqF6JmgkvWNtwI1ksUwygUrBtO73O/+8SU5rF8NLOEBRGOJR9xisZKPv cjNBOKImvOB9WaW3cXIOvEK0gNCrQG1S9/GNM0YtJQgVr3PTcxQYbKcCrYvOKnmiVIpzhm fUslRkwH2SLznFxYZUhGsbJPGrJQf29kGGk9i0I7mUfUq14u/uf1UzO6DTIuk9QwSZeHRq kgJiZ5AWTIFaNGzCxBqrjNSugEFVJja6rYErzVL6+TzlXdc+vew3WtcVfUUYYzOIdL8OAG GtCEFrSBQgLP8ApvTuq8OO/Ox3K05BQ7p/AHzucPQ5+R0Q==</latexit><latexit sha1_base64="Lj7lNExF0HB7l9 mQCkx6atisIbA=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLopssK9gFNKDfTaT t0MgkzE6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWdOmAiujet+O6WNza3tnfJuZW//4PCo enzS0XGqKGvTWMSqF6JmgkvWNtwI1ksUwygUrBtO73O/+8SU5rF8NLOEBRGOJR9xisZKPv cjNBOKImvOB9WaW3cXIOvEK0gNCrQG1S9/GNM0YtJQgVr3PTcxQYbKcCrYvOKnmiVIpzhm fUslRkwH2SLznFxYZUhGsbJPGrJQf29kGGk9i0I7mUfUq14u/uf1UzO6DTIuk9QwSZeHRq kgJiZ5AWTIFaNGzCxBqrjNSugEFVJja6rYErzVL6+TzlXdc+vew3WtcVfUUYYzOIdL8OAG GtCEFrSBQgLP8ApvTuq8OO/Ox3K05BQ7p/AHzucPQ5+R0Q==</latexit>
+
+
+
+
iM
<latexit sha1_base64="IuI1ERaoCY4D6a63sO6ZLIvSjks=">AAAB83icbVDLSsN AFL2pr1pfVZduBovgqiQi6LLoxo1QwT6gCWUyvW2HTiZhZiKU0N9w40IRt/6MO//GSZuFth4YOJxzL/fMCRPBtXHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFcMWi0WsuiHVKLj EluFGYDdRSKNQYCec3OZ+5wmV5rF8NNMEg4iOJB9yRo2VfO5H1IwZFdn9rF+tuXV3DrJKvILUoECzX/3yBzFLI5SGCap1z3MTE2RUGc4Ezip+qjGhbEJH2LNU0gh1kM0zz8iZ VQZkGCv7pCFz9fdGRiOtp1FoJ/OIetnLxf+8XmqG10HGZZIalGxxaJgKYmKSF0AGXCEzYmoJZYrbrISNqaLM2JoqtgRv+curpH1R99y693BZa9wUdZThBE7hHDy4ggbcQRNaw CCBZ3iFNyd1Xpx352MxWnKKnWP4A+fzB0s4kdY=</latexit><latexit sha1_base64="IuI1ERaoCY4D6a63sO6ZLIvSjks=">AAAB83icbVDLSsN AFL2pr1pfVZduBovgqiQi6LLoxo1QwT6gCWUyvW2HTiZhZiKU0N9w40IRt/6MO//GSZuFth4YOJxzL/fMCRPBtXHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFcMWi0WsuiHVKLj EluFGYDdRSKNQYCec3OZ+5wmV5rF8NNMEg4iOJB9yRo2VfO5H1IwZFdn9rF+tuXV3DrJKvILUoECzX/3yBzFLI5SGCap1z3MTE2RUGc4Ezip+qjGhbEJH2LNU0gh1kM0zz8iZ VQZkGCv7pCFz9fdGRiOtp1FoJ/OIetnLxf+8XmqG10HGZZIalGxxaJgKYmKSF0AGXCEzYmoJZYrbrISNqaLM2JoqtgRv+curpH1R99y693BZa9wUdZThBE7hHDy4ggbcQRNaw CCBZ3iFNyd1Xpx352MxWnKKnWP4A+fzB0s4kdY=</latexit><latexit sha1_base64="IuI1ERaoCY4D6a63sO6ZLIvSjks=">AAAB83icbVDLSsN AFL2pr1pfVZduBovgqiQi6LLoxo1QwT6gCWUyvW2HTiZhZiKU0N9w40IRt/6MO//GSZuFth4YOJxzL/fMCRPBtXHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFcMWi0WsuiHVKLj EluFGYDdRSKNQYCec3OZ+5wmV5rF8NNMEg4iOJB9yRo2VfO5H1IwZFdn9rF+tuXV3DrJKvILUoECzX/3yBzFLI5SGCap1z3MTE2RUGc4Ezip+qjGhbEJH2LNU0gh1kM0zz8iZ VQZkGCv7pCFz9fdGRiOtp1FoJ/OIetnLxf+8XmqG10HGZZIalGxxaJgKYmKSF0AGXCEzYmoJZYrbrISNqaLM2JoqtgRv+curpH1R99y693BZa9wUdZThBE7hHDy4ggbcQRNaw CCBZ3iFNyd1Xpx352MxWnKKnWP4A+fzB0s4kdY=</latexit><latexit sha1_base64="IuI1ERaoCY4D6a63sO6ZLIvSjks=">AAAB83icbVDLSsN AFL2pr1pfVZduBovgqiQi6LLoxo1QwT6gCWUyvW2HTiZhZiKU0N9w40IRt/6MO//GSZuFth4YOJxzL/fMCRPBtXHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFcMWi0WsuiHVKLj EluFGYDdRSKNQYCec3OZ+5wmV5rF8NNMEg4iOJB9yRo2VfO5H1IwZFdn9rF+tuXV3DrJKvILUoECzX/3yBzFLI5SGCap1z3MTE2RUGc4Ezip+qjGhbEJH2LNU0gh1kM0zz8iZ VQZkGCv7pCFz9fdGRiOtp1FoJ/OIetnLxf+8XmqG10HGZZIalGxxaJgKYmKSF0AGXCEzYmoJZYrbrISNqaLM2JoqtgRv+curpH1R99y693BZa9wUdZThBE7hHDy4ggbcQRNaw CCBZ3iFNyd1Xpx352MxWnKKnWP4A+fzB0s4kdY=</latexit>
if
⇢
<latexit sha1_base64="PjOC8f12GtePOBgdPx3dJet4XJk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+ oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtpoBM1rDf8pj8HWiVBSRpQoj2sfw1GimSCSks4NqYf+KkNc6wtI5zOaoPM0BSTCR7TvqMSC2rCfH7rDJ05ZYRipV1Ji+bq74kcC2OmInKdAtvELHuF+J/Xz2x8HeZMppmlk iwWxRlHVqHicTRimhLLp45gopm7FZEEa0ysi6fmQgiWX14l3Ytm4DeD+8tG66aMowoncArnEMAVtOAO2tABAgk8wyu8ecJ78d69j0VrxStnjuEPvM8fH6yORw==</latexit><latexit sha1_base64="PjOC8f12GtePOBgdPx3dJet4XJk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+ oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtpoBM1rDf8pj8HWiVBSRpQoj2sfw1GimSCSks4NqYf+KkNc6wtI5zOaoPM0BSTCR7TvqMSC2rCfH7rDJ05ZYRipV1Ji+bq74kcC2OmInKdAtvELHuF+J/Xz2x8HeZMppmlk iwWxRlHVqHicTRimhLLp45gopm7FZEEa0ysi6fmQgiWX14l3Ytm4DeD+8tG66aMowoncArnEMAVtOAO2tABAgk8wyu8ecJ78d69j0VrxStnjuEPvM8fH6yORw==</latexit><latexit sha1_base64="PjOC8f12GtePOBgdPx3dJet4XJk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+ oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtpoBM1rDf8pj8HWiVBSRpQoj2sfw1GimSCSks4NqYf+KkNc6wtI5zOaoPM0BSTCR7TvqMSC2rCfH7rDJ05ZYRipV1Ji+bq74kcC2OmInKdAtvELHuF+J/Xz2x8HeZMppmlk iwWxRlHVqHicTRimhLLp45gopm7FZEEa0ysi6fmQgiWX14l3Ytm4DeD+8tG66aMowoncArnEMAVtOAO2tABAgk8wyu8ecJ78d69j0VrxStnjuEPvM8fH6yORw==</latexit><latexit sha1_base64="PjOC8f12GtePOBgdPx3dJet4XJk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+ oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtpoBM1rDf8pj8HWiVBSRpQoj2sfw1GimSCSks4NqYf+KkNc6wtI5zOaoPM0BSTCR7TvqMSC2rCfH7rDJ05ZYRipV1Ji+bq74kcC2OmInKdAtvELHuF+J/Xz2x8HeZMppmlk iwWxRlHVqHicTRimhLLp45gopm7FZEEa0ysi6fmQgiWX14l3Ytm4DeD+8tG66aMowoncArnEMAVtOAO2tABAgk8wyu8ecJ78d69j0VrxStnjuEPvM8fH6yORw==</latexit>
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FIG. 3: Shown is the full four-point correlation function in a finite volume. In the second line only the
s-channel diagrams are shown explicitly, and the u-channel counterparts follow by switching the current
vertices. The notation is similar to that used in Fig. 2. The vertical dashed lines denote contribution from
the finite-volume F function, defined in Eq (43). The open circles denote the overlap of single-hadron
state with the vacuum.
Eq. (43) below. In words, the substitution rule reads: replace each sum with an i tegral plus a
sum-integral difference, encoded by the symbol F . Two key simplifications then arise. First, the
off-shell contributions from H1→2, M and H2→1 lead to only exponentially suppressed volume
effects that can be neglected. As a result, all functions adjacent to F are projected to their on-shell
momenta. Second, the propagators ∆a1 and ∆a2 are expanded about their on-shell point meaning
that only the physical mass enters F . In particular, for spinning particles, the spin structure of
the propagator becomes simple helicity projectors acting on the neighboring functions.
Substituting ⊗S⊗ = ⊗I ⊗ +F in Eq. (41) and summing all ⊗I⊗ dependences, and upon
restoring the superscripts on all functions, one deduces
TL = T −
[ ∞∑
n=0
H[J ]2→1
[
−F [O|Pi〉]M[O|Pi〉]
]n
F [O|Pi〉]H[O]1→2 + (J ↔ O)
]
. (42)
This is the main result of the derivation, analogous to Eqs. (44) and (84) of Refs. [52] and [75],
respectively. Summing the geometric series in n then directly gives Eq. (30) of the previous
section.
At this point it remains only to define F [X|Pi〉], the finite-volume cut matrix defined on the
Kronecker-product space of (orbital angular momentum)⊗(spin)⊗(flavor channels).8 In order to
provide an explicit form, one can change to the basis of total angular momentum and use the
compact notation introduced in Ref. [75]. Let JmJ denote the total angular momentum and its
azimuthal component and S and ` the total spin and orbital angular momentum. Also, label the
channel space using indices a and a′. Then the F [X|Pi〉] function can be written as [58, 75]
F
[X|Pi〉]
{J},{J ′}(P,L) ≡ ξaδaa′δSS′
∑
m`,m
′
`,mS
〈`m`, S mS |JmJ〉〈`′m′`, S′mS |J ′m′J〉
×
[
1
L3
∑
k
−
∫
dk
(2pi)3
] 4pi Y`m`(kˆ∗a)Y ∗`′m′`(kˆ∗a)
2ωa12ωa2(E − ωa1 − ωa2 + i)
(
k∗a
q∗a
)`+`′
, (43)
where ξa is the symmetry factor defined after Eq. (37). Note that the superscript [X|Pi〉] on F
is related to the quantum numbers of allowed two-hadron channels in this relation. The particles
in channel a are labeled with the numbers 1 and 2 and their corresponding masses are ma1 and
8 The Kronecker-product symbol should not be confused with the same symbol used in this section to define loop
integrals or sums.
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ma2. Then the magnitude of back-to-back three-momentum in the center-of-mass frame is given
by q∗a, which is the solution to
E∗ =
√
m2a1 + q
∗2
a +
√
m2a2 + q
∗2
a . (44)
In Eq. (43), we have also introduced ωa1 =
√
k2 +m2a1, ωa2 =
√
(P − k)2 +m2a2, and k∗a = k∗akˆ∗a,
with the latter defined as the spatial part of the four-vector reached by boosting (ωa1,k) with
boost velocity β = −P /E. E is the total energy of two hadrons in the lab frame, i.e., E = γE∗.9
Equation (43) provides the final missing piece for the main result of this work, Eq. (4).
The other necessary ingredients, namely the generalized Lu¨scher and Lellouch-Lu¨scher for-
malisms have been previously derived in Refs. [43, 50–56, 56–58, 72–77]. For completeness, here
we provide a re-derivation of the most general results, directly from Eq. (30). First, the gen-
eralized Lu¨scher formalism follows from the observation that poles in ∆TL correspond to the
finite-volume energies of the theory. As already discussed in the text around Eq. (20), this occurs
whenever F [x](L,P ) has a divergent eigenvalue, leading directly to Eq. (19).
Second, to obtain the generalized Lellouch-Lu¨scher relation, one must match the residues at
the poles defining TL, determined in two different ways. To this end, consider a special case of
Eq. (35) for which J = O, the initial and final states are the same and Pi = Pf . In this case,
one can first aim for an expression for TL in terms of finite-volume matrix elements. This follows
directly from Eqs. (12), (13), (17) and (18). Choosing the kinematics so that Ei−ω is arbitrarily
close to a finite-volume energy, En, one obtains
lim
Ei−ω→En
TL(Pi, q) = −2EiL
6〈Pi, L|J (0)|Pi − q, En〉〈Pi − q, En|J (0)|Pi, L〉
(Ei − ω)− En . (45)
To reproduce a second expression for TL near the finite-volume pole, one notes that the poles are
encoded in Eq. (30) and thus
lim
Ei−ω→En
TL(Pi, q) = − lim
Ei−ω→En
[
H[J ]1→2(Pi − q)F [J |Pi〉](L,Pi − q)H[J ]2→1(Pi − q)
]
. (46)
Equating these two expressions reproduces Eqs. (22)-(25) (upon trivial assignments of the kine-
matic arguments and the operator types). Note that in Eqs. (22)-(25) the matrix elements are
squared. This follows from our assumption that the current is Hermitian up to a possible CP-
violating phase, so that one can write J (0) = e−iαJH(0) with JH(0) = JH(0)†. If we then further
adopt a phase convention on the states such that the Hermitian current has a real finite-volume
matrix element, it follows that
〈Pi, L|J (0)|Pi − q, En〉〈Pi − q, En|J (0)|Pi, L〉 =
e−2iα〈Pi − q, En|JH(0)|Pi, L〉2 = 〈Pi − q, En|J (0)|Pi, L〉2 . (47)
Before closing this section, we elaborate further on the scope of the results derived. In partic-
ular, we note that the general angular momentum, spin and flavor structure of the finite-volume
function, F , defined in Eq. (43), is a new feature that substantially complicates the extraction of
Compton-like amplitudes using lattice QCD. However, the main challenges already arise in the
determination of coupled hadronic scattering amplitudes (via the generalized Lu¨scher formalism)
as well as one-to-two transition amplitudes (using the generalization of the Lellouch-Lu¨scher rela-
tion). As a result of significant numerical and algorithmic progress in recent years, implementation
of these ideas is already well underway.
9 The ∗ superscript, when applied to an energy or momentum, indicates that the quantity is defined in the center-
of-mass frame. By contrast, when applied to a spherical harmonic or other generic function, the ∗ indicates
complex conjugate.
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iK
<latexit sha1_base64="mcT45iH/UMdILOQLsmvwhfGmgqU=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoRnBTwT6gC WUyvW2HTiZhZiKU0N9w40IRt/6MO//GSZuFth4YOJxzL/fMCRPBtXHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFcMWi0WsuiHVKLjEluFGYDdRSKNQYCec3OZ+5wmV5rF8NNMEg4iOJB9yRo2VfO5H1IwZFdn9rF+tuXV3DrJKvILUoECzX/3yBzFLI5SGCap1z3MTE2RUG c4Ezip+qjGhbEJH2LNU0gh1kM0zz8iZVQZkGCv7pCFz9fdGRiOtp1FoJ/OIetnLxf+8XmqG10HGZZIalGxxaJgKYmKSF0AGXCEzYmoJZYrbrISNqaLM2JoqtgRv+curpH1R99y693BZa9wUdZThBE7hHDy4ggbcQRNawCCBZ3iFNyd1Xpx352MxWnKKnWP4A+fzB0gukd Q=</latexit><latexit sha1_base64="mcT45iH/UMdILOQLsmvwhfGmgqU=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoRnBTwT6gC WUyvW2HTiZhZiKU0N9w40IRt/6MO//GSZuFth4YOJxzL/fMCRPBtXHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFcMWi0WsuiHVKLjEluFGYDdRSKNQYCec3OZ+5wmV5rF8NNMEg4iOJB9yRo2VfO5H1IwZFdn9rF+tuXV3DrJKvILUoECzX/3yBzFLI5SGCap1z3MTE2RUG c4Ezip+qjGhbEJH2LNU0gh1kM0zz8iZVQZkGCv7pCFz9fdGRiOtp1FoJ/OIetnLxf+8XmqG10HGZZIalGxxaJgKYmKSF0AGXCEzYmoJZYrbrISNqaLM2JoqtgRv+curpH1R99y693BZa9wUdZThBE7hHDy4ggbcQRNawCCBZ3iFNyd1Xpx352MxWnKKnWP4A+fzB0gukd Q=</latexit><latexit sha1_base64="mcT45iH/UMdILOQLsmvwhfGmgqU=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoRnBTwT6gC WUyvW2HTiZhZiKU0N9w40IRt/6MO//GSZuFth4YOJxzL/fMCRPBtXHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFcMWi0WsuiHVKLjEluFGYDdRSKNQYCec3OZ+5wmV5rF8NNMEg4iOJB9yRo2VfO5H1IwZFdn9rF+tuXV3DrJKvILUoECzX/3yBzFLI5SGCap1z3MTE2RUG c4Ezip+qjGhbEJH2LNU0gh1kM0zz8iZVQZkGCv7pCFz9fdGRiOtp1FoJ/OIetnLxf+8XmqG10HGZZIalGxxaJgKYmKSF0AGXCEzYmoJZYrbrISNqaLM2JoqtgRv+curpH1R99y693BZa9wUdZThBE7hHDy4ggbcQRNawCCBZ3iFNyd1Xpx352MxWnKKnWP4A+fzB0gukd Q=</latexit><latexit sha1_base64="mcT45iH/UMdILOQLsmvwhfGmgqU=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoRnBTwT6gC WUyvW2HTiZhZiKU0N9w40IRt/6MO//GSZuFth4YOJxzL/fMCRPBtXHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFcMWi0WsuiHVKLjEluFGYDdRSKNQYCec3OZ+5wmV5rF8NNMEg4iOJB9yRo2VfO5H1IwZFdn9rF+tuXV3DrJKvILUoECzX/3yBzFLI5SGCap1z3MTE2RUG c4Ezip+qjGhbEJH2LNU0gh1kM0zz8iZVQZkGCv7pCFz9fdGRiOtp1FoJ/OIetnLxf+8XmqG10HGZZIalGxxaJgKYmKSF0AGXCEzYmoJZYrbrISNqaLM2JoqtgRv+curpH1R99y693BZa9wUdZThBE7hHDy4ggbcQRNawCCBZ3iFNyd1Xpx352MxWnKKnWP4A+fzB0gukd Q=</latexit>
+iT = iT +
<latexit sha1_b ase64="HQuG3SURUPdGRP218vcwz f0dy0s=">AAACB3icbVDLSsNAFL3 xWeMr6lKQYBEES0lE0I1QdOOyQl/Q hDKZTtqhk0mYmQgldOfGX3HjQhG3 /oI7/8ZJm4W2Hhg495x7mXtPkDAq leN8G0vLK6tr66UNc3Nre2fX2ttv yTgVmDRxzGLRCZAkjHLSVFQx0kkEQ VHASDsY3eZ++4EISWPeUOOE+BEac BpSjJSWetYR9SKkhhixrDG5NmdVE OrCq3iVs55VdqrOFPYicQtShgL1nv Xl9WOcRoQrzJCUXddJlJ8hoShmZG J6qSQJwiM0IF1NOYqI9LPpHRP7RC t9O4yFflzZU/X3RIYiKcdRoDvzNeW 8l4v/ed1UhVd+RnmSKsLx7KMwZba K7TwUu08FwYqNNUFYUL2rjYdIIKx 0dKYOwZ0/eZG0zquuU3XvL8q1myK OEhzCMZyCC5dQgzuoQxMwPMIzvMKb 8WS8GO/Gx6x1yShmDuAPjM8fF0GY xw==</latexit><latexit sha1_b ase64="HQuG3SURUPdGRP218vcwz f0dy0s=">AAACB3icbVDLSsNAFL3 xWeMr6lKQYBEES0lE0I1QdOOyQl/Q hDKZTtqhk0mYmQgldOfGX3HjQhG3 /oI7/8ZJm4W2Hhg495x7mXtPkDAq leN8G0vLK6tr66UNc3Nre2fX2ttv yTgVmDRxzGLRCZAkjHLSVFQx0kkEQ VHASDsY3eZ++4EISWPeUOOE+BEac BpSjJSWetYR9SKkhhixrDG5NmdVE OrCq3iVs55VdqrOFPYicQtShgL1nv Xl9WOcRoQrzJCUXddJlJ8hoShmZG J6qSQJwiM0IF1NOYqI9LPpHRP7RC t9O4yFflzZU/X3RIYiKcdRoDvzNeW 8l4v/ed1UhVd+RnmSKsLx7KMwZba K7TwUu08FwYqNNUFYUL2rjYdIIKx 0dKYOwZ0/eZG0zquuU3XvL8q1myK OEhzCMZyCC5dQgzuoQxMwPMIzvMKb 8WS8GO/Gx6x1yShmDuAPjM8fF0GY xw==</latexit><latexit sha1_b ase64="HQuG3SURUPdGRP218vcwz f0dy0s=">AAACB3icbVDLSsNAFL3 xWeMr6lKQYBEES0lE0I1QdOOyQl/Q hDKZTtqhk0mYmQgldOfGX3HjQhG3 /oI7/8ZJm4W2Hhg495x7mXtPkDAq leN8G0vLK6tr66UNc3Nre2fX2ttv yTgVmDRxzGLRCZAkjHLSVFQx0kkEQ VHASDsY3eZ++4EISWPeUOOE+BEac BpSjJSWetYR9SKkhhixrDG5NmdVE OrCq3iVs55VdqrOFPYicQtShgL1nv Xl9WOcRoQrzJCUXddJlJ8hoShmZG J6qSQJwiM0IF1NOYqI9LPpHRP7RC t9O4yFflzZU/X3RIYiKcdRoDvzNeW 8l4v/ed1UhVd+RnmSKsLx7KMwZba K7TwUu08FwYqNNUFYUL2rjYdIIKx 0dKYOwZ0/eZG0zquuU3XvL8q1myK OEhzCMZyCC5dQgzuoQxMwPMIzvMKb 8WS8GO/Gx6x1yShmDuAPjM8fF0GY xw==</latexit><latexit sha1_b ase64="HQuG3SURUPdGRP218vcwz f0dy0s=">AAACB3icbVDLSsNAFL3 xWeMr6lKQYBEES0lE0I1QdOOyQl/Q hDKZTtqhk0mYmQgldOfGX3HjQhG3 /oI7/8ZJm4W2Hhg495x7mXtPkDAq leN8G0vLK6tr66UNc3Nre2fX2ttv yTgVmDRxzGLRCZAkjHLSVFQx0kkEQ VHASDsY3eZ++4EISWPeUOOE+BEac BpSjJSWetYR9SKkhhixrDG5NmdVE OrCq3iVs55VdqrOFPYicQtShgL1nv Xl9WOcRoQrzJCUXddJlJ8hoShmZG J6qSQJwiM0IF1NOYqI9LPpHRP7RC t9O4yFflzZU/X3RIYiKcdRoDvzNeW 8l4v/ed1UhVd+RnmSKsLx7KMwZba K7TwUu08FwYqNNUFYUL2rjYdIIKx 0dKYOwZ0/eZG0zquuU3XvL8q1myK OEhzCMZyCC5dQgzuoQxMwPMIzvMKb 8WS8GO/Gx6x1yShmDuAPjM8fF0GY xw==</latexit>
⇢
<latexit sha1_base64="PjOC8f12GtePOBgdPx3dJet4XJk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0 lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtpoBM1rDf8pj8HWi VBSRpQoj2sfw1GimSCSks4NqYf+KkNc6wtI5zOaoPM0BSTCR7TvqMSC2rCfH7rDJ05ZYRipV1Ji+bq74kcC2OmInKdAtvELHuF+J/Xz2x8HeZMppmlkiwWxRlHVqHicTRimhLLp45gopm7FZEEa0ysi6fmQgiWX14l3Ytm4DeD+ 8tG66aMowoncArnEMAVtOAO2tABAgk8wyu8ecJ78d69j0VrxStnjuEPvM8fH6yORw==</latexit><latexit sha1_base64="PjOC8f12GtePOBgdPx3dJet4XJk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0 lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtpoBM1rDf8pj8HWi VBSRpQoj2sfw1GimSCSks4NqYf+KkNc6wtI5zOaoPM0BSTCR7TvqMSC2rCfH7rDJ05ZYRipV1Ji+bq74kcC2OmInKdAtvELHuF+J/Xz2x8HeZMppmlkiwWxRlHVqHicTRimhLLp45gopm7FZEEa0ysi6fmQgiWX14l3Ytm4DeD+ 8tG66aMowoncArnEMAVtOAO2tABAgk8wyu8ecJ78d69j0VrxStnjuEPvM8fH6yORw==</latexit><latexit sha1_base64="PjOC8f12GtePOBgdPx3dJet4XJk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0 lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtpoBM1rDf8pj8HWi VBSRpQoj2sfw1GimSCSks4NqYf+KkNc6wtI5zOaoPM0BSTCR7TvqMSC2rCfH7rDJ05ZYRipV1Ji+bq74kcC2OmInKdAtvELHuF+J/Xz2x8HeZMppmlkiwWxRlHVqHicTRimhLLp45gopm7FZEEa0ysi6fmQgiWX14l3Ytm4DeD+ 8tG66aMowoncArnEMAVtOAO2tABAgk8wyu8ecJ78d69j0VrxStnjuEPvM8fH6yORw==</latexit><latexit sha1_base64="PjOC8f12GtePOBgdPx3dJet4XJk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0 lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtpoBM1rDf8pj8HWi VBSRpQoj2sfw1GimSCSks4NqYf+KkNc6wtI5zOaoPM0BSTCR7TvqMSC2rCfH7rDJ05ZYRipV1Ji+bq74kcC2OmInKdAtvELHuF+J/Xz2x8HeZMppmlkiwWxRlHVqHicTRimhLLp45gopm7FZEEa0ysi6fmQgiWX14l3Ytm4DeD+ 8tG66aMowoncArnEMAVtOAO2tABAgk8wyu8ecJ78d69j0VrxStnjuEPvM8fH6yORw==</latexit>
+ + · · ·
<latexit sha1_base64="Sku1ntuTIqXGw8iVobcxRcEKgxY=">AAAB8 nicbVBNS8NAEJ3Ur1q/qh69BIsgKCURQY9FLx4rWFtIQ9lsNu3SzW7YnQil9Gd48aCIV3+NN/+N2zYHbX3LwuO9GWbmRZngBj3v2ymtrK6tb5Q3K1 vbO7t71f2DR6NyTVmLKqF0JyKGCS5ZCzkK1sk0I2kkWDsa3k799hPThiv5gKOMhSnpS55wStBKwVn33D4aKzS9as2rezO4y8QvSA0KNHvVr26saJ4 yiVQQYwLfyzAcE42cCjapdHPDMkKHpM8CSyVJmQnHs5Un7olVYjdR2n6J7kz93TEmqTGjNLKVKcGBWfSm4n9ekGNyHY65zHJkks4HJblwUbnT+92Ya 0ZRjCwhVHO7q0sHRBOKNqWKDcFfPHmZPF7Ufa/u31/WGjdFHGU4gmM4BR+uoAF30IQWUFDwDK/w5qDz4rw7H/PSklP0HMIfOJ8/ToCQnA==</late xit><latexit sha1_base64="Sku1ntuTIqXGw8iVobcxRcEKgxY=">AAAB8 nicbVBNS8NAEJ3Ur1q/qh69BIsgKCURQY9FLx4rWFtIQ9lsNu3SzW7YnQil9Gd48aCIV3+NN/+N2zYHbX3LwuO9GWbmRZngBj3v2ymtrK6tb5Q3K1 vbO7t71f2DR6NyTVmLKqF0JyKGCS5ZCzkK1sk0I2kkWDsa3k799hPThiv5gKOMhSnpS55wStBKwVn33D4aKzS9as2rezO4y8QvSA0KNHvVr26saJ4 yiVQQYwLfyzAcE42cCjapdHPDMkKHpM8CSyVJmQnHs5Un7olVYjdR2n6J7kz93TEmqTGjNLKVKcGBWfSm4n9ekGNyHY65zHJkks4HJblwUbnT+92Ya 0ZRjCwhVHO7q0sHRBOKNqWKDcFfPHmZPF7Ufa/u31/WGjdFHGU4gmM4BR+uoAF30IQWUFDwDK/w5qDz4rw7H/PSklP0HMIfOJ8/ToCQnA==</late xit><latexit sha1_base64="Sku1ntuTIqXGw8iVobcxRcEKgxY=">AAAB8 nicbVBNS8NAEJ3Ur1q/qh69BIsgKCURQY9FLx4rWFtIQ9lsNu3SzW7YnQil9Gd48aCIV3+NN/+N2zYHbX3LwuO9GWbmRZngBj3v2ymtrK6tb5Q3K1 vbO7t71f2DR6NyTVmLKqF0JyKGCS5ZCzkK1sk0I2kkWDsa3k799hPThiv5gKOMhSnpS55wStBKwVn33D4aKzS9as2rezO4y8QvSA0KNHvVr26saJ4 yiVQQYwLfyzAcE42cCjapdHPDMkKHpM8CSyVJmQnHs5Un7olVYjdR2n6J7kz93TEmqTGjNLKVKcGBWfSm4n9ekGNyHY65zHJkks4HJblwUbnT+92Ya 0ZRjCwhVHO7q0sHRBOKNqWKDcFfPHmZPF7Ufa/u31/WGjdFHGU4gmM4BR+uoAF30IQWUFDwDK/w5qDz4rw7H/PSklP0HMIfOJ8/ToCQnA==</late xit><latexit sha1_base64="Sku1ntuTIqXGw8iVobcxRcEKgxY=">AAAB8 nicbVBNS8NAEJ3Ur1q/qh69BIsgKCURQY9FLx4rWFtIQ9lsNu3SzW7YnQil9Gd48aCIV3+NN/+N2zYHbX3LwuO9GWbmRZngBj3v2ymtrK6tb5Q3K1 vbO7t71f2DR6NyTVmLKqF0JyKGCS5ZCzkK1sk0I2kkWDsa3k799hPThiv5gKOMhSnpS55wStBKwVn33D4aKzS9as2rezO4y8QvSA0KNHvVr26saJ4 yiVQQYwLfyzAcE42cCjapdHPDMkKHpM8CSyVJmQnHs5Un7olVYjdR2n6J7kz93TEmqTGjNLKVKcGBWfSm4n9ekGNyHY65zHJkks4HJblwUbnT+92Ya 0ZRjCwhVHO7q0sHRBOKNqWKDcFfPHmZPF7Ufa/u31/WGjdFHGU4gmM4BR+uoAF30IQWUFDwDK/w5qDz4rw7H/PSklP0HMIfOJ8/ToCQnA==</late xit>
iF
<latexit sha1_base64="PAL9g4gJ/H2YzDdLcwHTgsAn550=">A AAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiIB6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W 19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++4lrI2L1iJOE+xEdKhEKRtFKD+K2X664VXcOskq8nFQg R6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGV34mV JIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1UPbfq3V9W6td5HEU4gVM4Bw9qUIc7aEATGITwDK/w5oydF+fd+Vi 0Fpx85hj+wPn8AV7xjT0=</latexit><latexit sha1_base64="PAL9g4gJ/H2YzDdLcwHTgsAn550=">A AAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiIB6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W 19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++4lrI2L1iJOE+xEdKhEKRtFKD+K2X664VXcOskq8nFQg R6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGV34mV JIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1UPbfq3V9W6td5HEU4gVM4Bw9qUIc7aEATGITwDK/w5oydF+fd+Vi 0Fpx85hj+wPn8AV7xjT0=</latexit><latexit sha1_base64="PAL9g4gJ/H2YzDdLcwHTgsAn550=">A AAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiIB6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W 19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++4lrI2L1iJOE+xEdKhEKRtFKD+K2X664VXcOskq8nFQg R6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGV34mV JIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1UPbfq3V9W6td5HEU4gVM4Bw9qUIc7aEATGITwDK/w5oydF+fd+Vi 0Fpx85hj+wPn8AV7xjT0=</latexit><latexit sha1_base64="PAL9g4gJ/H2YzDdLcwHTgsAn550=">A AAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiIB6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W 19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++4lrI2L1iJOE+xEdKhEKRtFKD+K2X664VXcOskq8nFQg R6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGV34mV JIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1UPbfq3V9W6td5HEU4gVM4Bw9qUIc7aEATGITwDK/w5oydF+fd+Vi 0Fpx85hj+wPn8AV7xjT0=</latexit>
CL = C +
<latexit sha1_b ase64="IufQYjG2Z4GaUEWtg4+Zdjq K0zE=">AAAB/HicbVDLSsNAFL3xWe sr2qWbwSIIlpKIoBuh2I0LFxXsA5o QJtNJO3TyYGYihFB/xY0LRdz6Ie78G ydtF9p6YOBwzr3cM8dPOJPKsr6Nld W19Y3N0lZ5e2d3b988OOzIOBWEtknM Y9HzsaScRbStmOK0lwiKQ5/Trj9uF n73kQrJ4uhBZQl1QzyMWMAIVlryzE rTu7t2QqxGBHPUdGpO7cwzq1bdmgIt E3tOqjBHyzO/nEFM0pBGinAsZd+2E uXmWChGOJ2UnVTSBJMxHtK+phEOqXT zafgJOtHKAAWx0C9SaKr+3shxKGUW +nqyiCkXvUL8z+unKrhycxYlqaIRm R0KUo5UjIom0IAJShTPNMFEMJ0VkRE WmCjdV1mXYC9+eZl0zuu2VbfvL6qN m3kdJTiCYzgFGy6hAbfQgjYQyOAZXu HNeDJejHfjYza6Ysx3KvAHxucPktO TaA==</latexit><latexit sha1_b ase64="IufQYjG2Z4GaUEWtg4+Zdjq K0zE=">AAAB/HicbVDLSsNAFL3xWe sr2qWbwSIIlpKIoBuh2I0LFxXsA5o QJtNJO3TyYGYihFB/xY0LRdz6Ie78G ydtF9p6YOBwzr3cM8dPOJPKsr6Nld W19Y3N0lZ5e2d3b988OOzIOBWEtknM Y9HzsaScRbStmOK0lwiKQ5/Trj9uF n73kQrJ4uhBZQl1QzyMWMAIVlryzE rTu7t2QqxGBHPUdGpO7cwzq1bdmgIt E3tOqjBHyzO/nEFM0pBGinAsZd+2E uXmWChGOJ2UnVTSBJMxHtK+phEOqXT zafgJOtHKAAWx0C9SaKr+3shxKGUW +nqyiCkXvUL8z+unKrhycxYlqaIRm R0KUo5UjIom0IAJShTPNMFEMJ0VkRE WmCjdV1mXYC9+eZl0zuu2VbfvL6qN m3kdJTiCYzgFGy6hAbfQgjYQyOAZXu HNeDJejHfjYza6Ysx3KvAHxucPktO TaA==</latexit><latexit sha1_b ase64="IufQYjG2Z4GaUEWtg4+Zdjq K0zE=">AAAB/HicbVDLSsNAFL3xWe sr2qWbwSIIlpKIoBuh2I0LFxXsA5o QJtNJO3TyYGYihFB/xY0LRdz6Ie78G ydtF9p6YOBwzr3cM8dPOJPKsr6Nld W19Y3N0lZ5e2d3b988OOzIOBWEtknM Y9HzsaScRbStmOK0lwiKQ5/Trj9uF n73kQrJ4uhBZQl1QzyMWMAIVlryzE rTu7t2QqxGBHPUdGpO7cwzq1bdmgIt E3tOqjBHyzO/nEFM0pBGinAsZd+2E uXmWChGOJ2UnVTSBJMxHtK+phEOqXT zafgJOtHKAAWx0C9SaKr+3shxKGUW +nqyiCkXvUL8z+unKrhycxYlqaIRm R0KUo5UjIom0IAJShTPNMFEMJ0VkRE WmCjdV1mXYC9+eZl0zuu2VbfvL6qN m3kdJTiCYzgFGy6hAbfQgjYQyOAZXu HNeDJejHfjYza6Ysx3KvAHxucPktO TaA==</latexit><latexit sha1_b ase64="IufQYjG2Z4GaUEWtg4+Zdjq K0zE=">AAAB/HicbVDLSsNAFL3xWe sr2qWbwSIIlpKIoBuh2I0LFxXsA5o QJtNJO3TyYGYihFB/xY0LRdz6Ie78G ydtF9p6YOBwzr3cM8dPOJPKsr6Nld W19Y3N0lZ5e2d3b988OOzIOBWEtknM Y9HzsaScRbStmOK0lwiKQ5/Trj9uF n73kQrJ4uhBZQl1QzyMWMAIVlryzE rTu7t2QqxGBHPUdGpO7cwzq1bdmgIt E3tOqjBHyzO/nEFM0pBGinAsZd+2E uXmWChGOJ2UnVTSBJMxHtK+phEOqXT zafgJOtHKAAWx0C9SaKr+3shxKGUW +nqyiCkXvUL8z+unKrhycxYlqaIRm R0KUo5UjIom0IAJShTPNMFEMJ0VkRE WmCjdV1mXYC9+eZl0zuu2VbfvL6qN m3kdJTiCYzgFGy6hAbfQgjYQyOAZXu HNeDJejHfjYza6Ysx3KvAHxucPktO TaA==</latexit>
iH
<latexit sha1_base64="Lj7lNExF0HB7l9mQCkx6atisIbA =">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLopssK9gFNKDfTaTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uW dOmAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqKGvTWMSqF6JmgkvWNtwI1ksUwygUrBtO73O/+8SU5rF8NLOEBRGOJR9xis ZKPvcjNBOKImvOB9WaW3cXIOvEK0gNCrQG1S9/GNM0YtJQgVr3PTcxQYbKcCrYvOKnmiVIpzhmfUslRkwH2SLznFxYZUhGsbJ PGrJQf29kGGk9i0I7mUfUq14u/uf1UzO6DTIuk9QwSZeHRqkgJiZ5AWTIFaNGzCxBqrjNSugEFVJja6rYErzVL6+TzlXdc+ve w3WtcVfUUYYzOIdL8OAGGtCEFrSBQgLP8ApvTuq8OO/Ox3K05BQ7p/AHzucPQ5+R0Q==</latexit><latexit sha1_base64="Lj7lNExF0HB7l9mQCkx6atisIbA =">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLopssK9gFNKDfTaTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uW dOmAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqKGvTWMSqF6JmgkvWNtwI1ksUwygUrBtO73O/+8SU5rF8NLOEBRGOJR9xis ZKPvcjNBOKImvOB9WaW3cXIOvEK0gNCrQG1S9/GNM0YtJQgVr3PTcxQYbKcCrYvOKnmiVIpzhmfUslRkwH2SLznFxYZUhGsbJ PGrJQf29kGGk9i0I7mUfUq14u/uf1UzO6DTIuk9QwSZeHRqkgJiZ5AWTIFaNGzCxBqrjNSugEFVJja6rYErzVL6+TzlXdc+ve w3WtcVfUUYYzOIdL8OAGGtCEFrSBQgLP8ApvTuq8OO/Ox3K05BQ7p/AHzucPQ5+R0Q==</latexit><latexit sha1_base64="Lj7lNExF0HB7l9mQCkx6atisIbA =">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLopssK9gFNKDfTaTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uW dOmAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqKGvTWMSqF6JmgkvWNtwI1ksUwygUrBtO73O/+8SU5rF8NLOEBRGOJR9xis ZKPvcjNBOKImvOB9WaW3cXIOvEK0gNCrQG1S9/GNM0YtJQgVr3PTcxQYbKcCrYvOKnmiVIpzhmfUslRkwH2SLznFxYZUhGsbJ PGrJQf29kGGk9i0I7mUfUq14u/uf1UzO6DTIuk9QwSZeHRqkgJiZ5AWTIFaNGzCxBqrjNSugEFVJja6rYErzVL6+TzlXdc+ve w3WtcVfUUYYzOIdL8OAGGtCEFrSBQgLP8ApvTuq8OO/Ox3K05BQ7p/AHzucPQ5+R0Q==</latexit><latexit sha1_base64="Lj7lNExF0HB7l9mQCkx6atisIbA =">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLopssK9gFNKDfTaTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uW dOmAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqKGvTWMSqF6JmgkvWNtwI1ksUwygUrBtO73O/+8SU5rF8NLOEBRGOJR9xis ZKPvcjNBOKImvOB9WaW3cXIOvEK0gNCrQG1S9/GNM0YtJQgVr3PTcxQYbKcCrYvOKnmiVIpzhmfUslRkwH2SLznFxYZUhGsbJ PGrJQf29kGGk9i0I7mUfUq14u/uf1UzO6DTIuk9QwSZeHRqkgJiZ5AWTIFaNGzCxBqrjNSugEFVJja6rYErzVL6+TzlXdc+ve w3WtcVfUUYYzOIdL8OAGGtCEFrSBQgLP8ApvTuq8OO/Ox3K05BQ7p/AHzucPQ5+R0Q==</latexit>
+
+
+
+
iM
<latexit sha1_base64="IuI1ERaoCY4D6a63sO6ZLIvSjks=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLo xo1QwT6gCWUyvW2HTiZhZiKU0N9w40IRt/6MO//GSZuFth4YOJxzL/fMCRPBtXHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFcMWi0WsuiHVKLjEluFGYDdRSKNQYCec3OZ+5wmV5rF8NNMEg4iOJB9yRo2VfO5H1IwZFdn9rF+tuXV3DrJKvILUoEC zX/3yBzFLI5SGCap1z3MTE2RUGc4Ezip+qjGhbEJH2LNU0gh1kM0zz8iZVQZkGCv7pCFz9fdGRiOtp1FoJ/OIetnLxf+8XmqG10HGZZIalGxxaJgKYmKSF0AGXCEzYmoJZYrbrISNqaLM2JoqtgRv+curpH1R99y693BZa9wUdZThBE7hHDy4gg bcQRNawCCBZ3iFNyd1Xpx352MxWnKKnWP4A+fzB0s4kdY=</latexit><latexit sha1_base64="IuI1ERaoCY4D6a63sO6ZLIvSjks=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLo xo1QwT6gCWUyvW2HTiZhZiKU0N9w40IRt/6MO//GSZuFth4YOJxzL/fMCRPBtXHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFcMWi0WsuiHVKLjEluFGYDdRSKNQYCec3OZ+5wmV5rF8NNMEg4iOJB9yRo2VfO5H1IwZFdn9rF+tuXV3DrJKvILUoEC zX/3yBzFLI5SGCap1z3MTE2RUGc4Ezip+qjGhbEJH2LNU0gh1kM0zz8iZVQZkGCv7pCFz9fdGRiOtp1FoJ/OIetnLxf+8XmqG10HGZZIalGxxaJgKYmKSF0AGXCEzYmoJZYrbrISNqaLM2JoqtgRv+curpH1R99y693BZa9wUdZThBE7hHDy4gg bcQRNawCCBZ3iFNyd1Xpx352MxWnKKnWP4A+fzB0s4kdY=</latexit><latexit sha1_base64="IuI1ERaoCY4D6a63sO6ZLIvSjks=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLo xo1QwT6gCWUyvW2HTiZhZiKU0N9w40IRt/6MO//GSZuFth4YOJxzL/fMCRPBtXHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFcMWi0WsuiHVKLjEluFGYDdRSKNQYCec3OZ+5wmV5rF8NNMEg4iOJB9yRo2VfO5H1IwZFdn9rF+tuXV3DrJKvILUoEC zX/3yBzFLI5SGCap1z3MTE2RUGc4Ezip+qjGhbEJH2LNU0gh1kM0zz8iZVQZkGCv7pCFz9fdGRiOtp1FoJ/OIetnLxf+8XmqG10HGZZIalGxxaJgKYmKSF0AGXCEzYmoJZYrbrISNqaLM2JoqtgRv+curpH1R99y693BZa9wUdZThBE7hHDy4gg bcQRNawCCBZ3iFNyd1Xpx352MxWnKKnWP4A+fzB0s4kdY=</latexit><latexit sha1_base64="IuI1ERaoCY4D6a63sO6ZLIvSjks=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLo xo1QwT6gCWUyvW2HTiZhZiKU0N9w40IRt/6MO//GSZuFth4YOJxzL/fMCRPBtXHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFcMWi0WsuiHVKLjEluFGYDdRSKNQYCec3OZ+5wmV5rF8NNMEg4iOJB9yRo2VfO5H1IwZFdn9rF+tuXV3DrJKvILUoEC zX/3yBzFLI5SGCap1z3MTE2RUGc4Ezip+qjGhbEJH2LNU0gh1kM0zz8iZVQZkGCv7pCFz9fdGRiOtp1FoJ/OIetnLxf+8XmqG10HGZZIalGxxaJgKYmKSF0AGXCEzYmoJZYrbrISNqaLM2JoqtgRv+curpH1R99y693BZa9wUdZThBE7hHDy4gg bcQRNawCCBZ3iFNyd1Xpx352MxWnKKnWP4A+fzB0s4kdY=</latexit>
if
⇢
<latexit sha1_base64="PjOC8f12GtePOBgdPx3dJet4XJk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0 lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtpoBM1rDf8pj8HWi VBSRpQoj2sfw1GimSCSks4NqYf+KkNc6wtI5zOaoPM0BSTCR7TvqMSC2rCfH7rDJ05ZYRipV1Ji+bq74kcC2OmInKdAtvELHuF+J/Xz2x8HeZMppmlkiwWxRlHVqHicTRimhLLp45gopm7FZEEa0ysi6fmQgiWX14l3Ytm4DeD+ 8tG66aMowoncArnEMAVtOAO2tABAgk8wyu8ecJ78d69j0VrxStnjuEPvM8fH6yORw==</latexit><latexit sha1_base64="PjOC8f12GtePOBgdPx3dJet4XJk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0 lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtpoBM1rDf8pj8HWi VBSRpQoj2sfw1GimSCSks4NqYf+KkNc6wtI5zOaoPM0BSTCR7TvqMSC2rCfH7rDJ05ZYRipV1Ji+bq74kcC2OmInKdAtvELHuF+J/Xz2x8HeZMppmlkiwWxRlHVqHicTRimhLLp45gopm7FZEEa0ysi6fmQgiWX14l3Ytm4DeD+ 8tG66aMowoncArnEMAVtOAO2tABAgk8wyu8ecJ78d69j0VrxStnjuEPvM8fH6yORw==</latexit><latexit sha1_base64="PjOC8f12GtePOBgdPx3dJet4XJk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0 lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtpoBM1rDf8pj8HWi VBSRpQoj2sfw1GimSCSks4NqYf+KkNc6wtI5zOaoPM0BSTCR7TvqMSC2rCfH7rDJ05ZYRipV1Ji+bq74kcC2OmInKdAtvELHuF+J/Xz2x8HeZMppmlkiwWxRlHVqHicTRimhLLp45gopm7FZEEa0ysi6fmQgiWX14l3Ytm4DeD+ 8tG66aMowoncArnEMAVtOAO2tABAgk8wyu8ecJ78d69j0VrxStnjuEPvM8fH6yORw==</latexit><latexit sha1_base64="PjOC8f12GtePOBgdPx3dJet4XJk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0 lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtpoBM1rDf8pj8HWi VBSRpQoj2sfw1GimSCSks4NqYf+KkNc6wtI5zOaoPM0BSTCR7TvqMSC2rCfH7rDJ05ZYRipV1Ji+bq74kcC2OmInKdAtvELHuF+J/Xz2x8HeZMppmlkiwWxRlHVqHicTRimhLLp45gopm7FZEEa0ysi6fmQgiWX14l3Ytm4DeD+ 8tG66aMowoncArnEMAVtOAO2tABAgk8wyu8ecJ78d69j0VrxStnjuEPvM8fH6yORw==</latexit>
⇢
<latexit sha1_base64="PjOC8f12GtePOBgdPx3dJet4XJk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0 lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtpoBM1rDf8pj8HWi VBSRpQoj2sfw1GimSCSks4NqYf+KkNc6wtI5zOaoPM0BSTCR7TvqMSC2rCfH7rDJ05ZYRipV1Ji+bq74kcC2OmInKdAtvELHuF+J/Xz2x8HeZMppmlkiwWxRlHVqHicTRimhLLp45gopm7FZEEa0ysi6fmQgiWX14l3Ytm4DeD+ 8tG66aMowoncArnEMAVtOAO2tABAgk8wyu8ecJ78d69j0VrxStnjuEPvM8fH6yORw==</latexit><latexit sha1_base64="PjOC8f12GtePOBgdPx3dJet4XJk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0 lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtpoBM1rDf8pj8HWi VBSRpQoj2sfw1GimSCSks4NqYf+KkNc6wtI5zOaoPM0BSTCR7TvqMSC2rCfH7rDJ05ZYRipV1Ji+bq74kcC2OmInKdAtvELHuF+J/Xz2x8HeZMppmlkiwWxRlHVqHicTRimhLLp45gopm7FZEEa0ysi6fmQgiWX14l3Ytm4DeD+ 8tG66aMowoncArnEMAVtOAO2tABAgk8wyu8ecJ78d69j0VrxStnjuEPvM8fH6yORw==</latexit><latexit sha1_base64="PjOC8f12GtePOBgdPx3dJet4XJk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0 lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtpoBM1rDf8pj8HWi VBSRpQoj2sfw1GimSCSks4NqYf+KkNc6wtI5zOaoPM0BSTCR7TvqMSC2rCfH7rDJ05ZYRipV1Ji+bq74kcC2OmInKdAtvELHuF+J/Xz2x8HeZMppmlkiwWxRlHVqHicTRimhLLp45gopm7FZEEa0ysi6fmQgiWX14l3Ytm4DeD+ 8tG66aMowoncArnEMAVtOAO2tABAgk8wyu8ecJ78d69j0VrxStnjuEPvM8fH6yORw==</latexit><latexit sha1_base64="PjOC8f12GtePOBgdPx3dJet4XJk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0 lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtpoBM1rDf8pj8HWi VBSRpQoj2sfw1GimSCSks4NqYf+KkNc6wtI5zOaoPM0BSTCR7TvqMSC2rCfH7rDJ05ZYRipV1Ji+bq74kcC2OmInKdAtvELHuF+J/Xz2x8HeZMppmlkiwWxRlHVqHicTRimhLLp45gopm7FZEEa0ysi6fmQgiWX14l3Ytm4DeD+ 8tG66aMowoncArnEMAVtOAO2tABAgk8wyu8ecJ78d69j0VrxStnjuEPvM8fH6yORw==</latexit>
⇢
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FIG. 4: Shown is the representation of the Compton-like amplitude to all orders in perturbation theory,
in which the contributions from imaginary parts (proportional to the phas-space factor ρ) are isolated.
The black dots are either the full 1 → 1 vertex with a single current insertion, if , or the 1 → 2 or 2 → 1
scattering amplitudes, iH. The gray circles define, iH and iK, respectively, which are the counterparts of
transition and scattering amplitudes when the principal-valued prescription has been used in the s-channel
loops. Further detail on these quantities is given the text.
The central complication, whenever multiple flavor or angular-momentum channels need to
be considered, is that one no longer has a direct one-to-one mapping between finite- and infinite-
volume observables. In such cases, the only known approach is to determine a large set of finite-
volume energies and matrix elements, for multiple choices of box size and total momentum, and
to subsequently perform a global amplitude analysis using the relevant finite-volume formalism.
This was first implemented for hadronic amplitudes with partial waves unphysically mixing in the
finite volume [83], and was later extended to cases where multiple flavor channels are kinematically
allowed and must be disentangled [59, 60, 65, 66]. Most recently, the methods have been applied
to particles with intrinsic spin, inducing also an infinite-volume coupling between different orbital
angular momenta [67, 68] and to transition amplitudes in which states are coupled via the spin
and momentum of the external current [84, 85]. This progress provides strong empirical evidence
that there is no significant obstacle for implementing the proposed formalism for Compton-like
amplitudes in the kinematic region considered in this work.
IV. UNITARITY CHECK
This section provides an additional check on Eq. (4) by proving that the result is consistent
with the S-matrix unitarity. As was recently shown in the context of three-particle scattering in
Ref. [86], all-orders perturbation theory can be used to directly extract all imaginary contributions
to the scattering amplitude in a given kinematic region. Since the diagrammatic description
emerges from a unitary theory, the result of summing over all contributions must automatically
respect any consequence following from the unitarity relation, i.e., S†S = 1, both in the finite
and infinite volume. Nevertheless, it is instructive to see how the final result directly satisfies the
expected constraint.
Let us first work out the consequences of unitary for T . To this end, consider an all-orders
expression for the Compton amplitude in the infinite volume, as depicted in Fig. 4. For the
purpose of this check, the two local currents are assumed to be the same and to be Hermitian
(JA = OB), and the initial and final states are set to coincide, with Pi = Pf .10 When necessary,
the dependence on the kinematic variable
√
s = E∗ is made explicit throughout this section, while
the full dependence of the functions on kinematic variables, including on the momentum transfer
of the currents, will be suppressed for brevity. In the kinematic region in which only two-particle
states can go on shell, one can analyze all diagrams by systematically isolating their imaginary
10 As discussed above, our definition of T does not include the disconnected contribution that arises in this case.
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contributions. These are present only in the two-particle s-channel loops and are proportional to
the phase-space factor ρ, defined as
ρa(s) ≡ q
∗
a(s) ξa
8pi
√
s
. (48)
The phase-space factor, ρa(s), arises from the imaginary part of the i pole prescription in
the two-particle loops. To capture all contributions to the amplitude, it is convenient to split the
full i integral into its real and imaginary parts. Performing this for a purely hadronic 2 → 2
scattering amplitude yields the standard relation
iM(s) = iK(s) 1
1− iρ(s)K(s) , (49)
where K is the K matrix, defined to have the same diagrammatic expansion as the scattering
amplitude, but evaluated with the principal-value prescription for the s-channel loops. Similarly,
the principal-valued version of H1→2 can be denoted by H1→2, which is related to H1→2 via
iH1→2 = iH1→2 1
1− iK(s)ρ(s) . (50)
A similar relation for H2→1 can be realized in terms of H2→1,
iH2→1 = 1
1− iK(s)ρ(s) iH2→1 , (51)
As with the various finite-volume quantities in the previous section, Eqs. (49)-(51) are built
from matrices (ρ, K and M) and column vectors (H1→2 and H1→2) on the Kronecker-product
space of (orbital angular momentum)⊗(spin)⊗(flavor channels). In the case of two scalar particles
in a single flavor channel, this space reduces to only angular momentum and all matrices become
diagonal. Then one can draw a correspondence between a given entry of H1→2 and M. In
particular, one finds
ImM(`)(s)
ReM(`)(s) =
ImH(`)1→2(s)
ReH(`)1→2(s)
, (52)
meaning that the amplitudes have the same complex phase in each partial wave. This is Watson’s
theorem, and by returning to the general matrix space, one recovers a simple generalization for
the case of multiple two-particle channels [73].
In direct analogy to these more standard results, one can further determine an expression
for the Compton amplitude that is consistent with unitarity to all orders in perturbation theory.
This, in the kinematic region below three-hadron production thresholds, divides into a purely real
principal-valued version of T , denoted T, as well as a series of ρ cuts, analogous to those appearing
in Eqs. (49)-(51), above. In addition, one must include a single-particle piece represented by the
second and third terms on the right-hand side of Fig. 4. To express this, let us denote by f(q2)
the 1 → 1 matrix element with a single current insertion and label the corresponding particle
mass by m. Combining all terms gives
iT =
[
iT+ if(q2)
i
s−m2 + i if(q
2) + iH2→1
1
1− iρ(s)K(s)ρ(s) iH1→2
]
+ [s↔ u] , (53)
where s = (P − q)2 and u = (P + q)2 are the usual Mandelstam variables, and the last term
indicates the inclusion of terms in which the incoming and outgoing currents are interchanged,
as shown in Fig. 4.
At this point, it is apparent that iT shares certain features with the previously considered
amplitudes, M and H1→2 (2→1). First, besides the single-particle pole, the only singularity in
16
the amplitude arises from the phase-space factor ρa(s) ∼
√
s− (ma1 +ma2)2. This threshold
singularity is common to all three amplitudes. Second, in the case that a single two-particle
channel is open, the third term in Eq. (53) breaks into a sum over the angular momentum modes
and the phase of each term matches that of M(`) and H(`).
Below the lowest-lying two-particle threshold, iρ and thus also M and H1→2 (2→1) become
purely real. Similarly, the only possible imaginary contribution to the Compton amplitude below
threshold is due to the i prescription within the single-particle pole. Above the lowest lying
two-particle threshold, iρ, M, H1→2(2→1), and T are all complex valued. In particular, from
Eqs. (49)-(51), and (53) one can readily show that
ImM(s) =M∗(s) ρ(s)M(s) , (54)
ImH1→2 = H1→2ρ(s)M∗(s) , ImH2→1 =M∗(s) ρ(s)H2→1 , (55)
Im T = H∗2→1 ρ(s)H1→2 + (s↔ u) , (56)
where ρa(s) ≡ ρa(s) Θ(s− (ma1 +ma2)2), with Θ being the Heaviside step function.
Having established the unitarity constraint on the various infinite-volume amplitudes entering
the formalism, it can now be shown that Eq. (4) is consistent with these expressions. To this end,
it is sufficient to demonstrate Im ∆TL = Im T , which, together with the fact that G≥N and T<N
are real, demonstrates the desired consistency. One first notes that
Im ∆TL = Im [H2→1 FLH1→2] + (s↔ u) , (57)
=
(H2→1M−1)∗ Im[MF 1M−1 + F
] (M−1H1→2)+ (s↔ u) , (58)
where all s dependences are dropped for brevity. Here, we use the definition ImX ≡ (X−X†)/(2i)
for a generic matrix, X, together with the fact that H2→1M−1 and M−1H1→2 are real-valued
and equal, entry by entry. The next step is to make use of the fact thatM−1 +F , and thus also
its inverse, are Hermitian matrices. This leads to the substitution
2i Im
[
MF 1M−1 + F
]
=MF 1M−1 + F −
1
M−1† + F †F
†M† (59)
=
[MF −M†F †] 1M−1 + F , (60)
where, in the second line, we have used [M−1† + F †]−1F †M† =M†F †[M−1† + F †]−1. Next one
observes that
MF −M†F †
2i
= Im[M]F +M†Im[F ] =M∗ρ¯MF +M∗ρ¯ =M∗ρ¯M [M−1 + F ] , (61)
where M† = M∗, the unitary constraint on M, Eq. (54), as well as the relation Im[F ] =
−Im[M−1] = ρ are used. The use of Hermitian conjugation in the definition of Im is mainly
motivated by this final step, since due to the presence of spherical harmonics in the definition of
F , (F − F ∗)/(2i) 6= ρ. Finally, substituting Eqs. (60) and (61) into Eq. (58) leads to
Im ∆TL = H∗2→1 ρH1→2 + (s↔ u) = Im T , (62)
as desired.
In summary, we have provided an expression for the Compton amplitude, in terms of purely
real building blocks, that is exactly consistent with unitarity, and have used this to express
Im T in terms of transition amplitudes and phase-space factors. This expression is shown to be
consistent with Eq. (4), the main result of this work. The decomposition of T is built from the
single-particle form factor and propagator, the phase-space factor ρ, the amplitudes H1→2, H2→1,
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Q2/m2 = 10
FIG. 5: Magnitude of the scattering amplitude (upper panel) and 1 + J → 2 transition amplitude (lower
panel) using mR/m = 2.5 and g = 3.0 in the functions defined in the text. Three representative values of
momentum transfer are shown for the transition amplitude.
andM, as well as a real-valued short distance piece, denoted by T. In fact, since all but the last
function can be obtained from two- and three-point correlation functions in a finite-volume study,
it is natural to think of T as the target observable, determination of which requires the method
summarized by Eq. (4). In the next section we discuss this point in further detail, and highlight
one subtlety that arises when considering amplitudes for which the corresponding K matrix has
real-valued poles.
V. NUMERICAL IMPLEMENTATION
In this section, we provide a numerical example to illustrate the approach outlined in Sec. II
above and summarized by Eq. (4). To reduce technical complications, the example involves
kinematics for which only a single channel is open. The channel is composed of two identical
scalars, each with mass m. It is further assumed that only the lowest partial wave (` = 0)
contributes. The initial and final single-hadron states are taken to be the same and are put at
rest. Finally, the external current is taken to be a scalar, and as a result, the form factor f(Q2)
and transition amplitude H(s,Q2) are scalar functions. The subscripts 1 → 2 and 2 → 1 on
H will be dropped in this section. The dependence on kinematic variables is displayed using a
Lorentz-invariant notation, where s = (P −q)2 is the invariant mass of the system and q2 = −Q2,
where q is the momentum transferred by the first current.
As stressed in the previous section, the formalism can only be applied to amplitudes that
exactly satisfy unitarity. In the case of the hadronic scattering amplitude, M(s), this means one
must use Eq. (49) with a real-valued K(s). With the standard relation to the scattering phase
shift δ(q∗),
K(s) = 16pi
√
s
q∗
1
cot δ(q∗)
∣∣∣∣
q∗2=s/4−m2
, (63)
and the use of a Breit-Wigner parametrization for the latter,
tan δ(q∗) =
√
sΓ(s)
m2R − s
, Γ(s) =
g2
6pi
m2R
s
q∗ . (64)
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0 ,
FIG. 6: [Top panels] Finite-volume spectrum for two values of the spatial momentum. The blue lines show
the result for the free theory, while the red lines correspond to the interacting theory with M given in
Fig. 5. [Middle panels] ∆TL as defined in Eq. (30), givenM and H in Fig. 5, where initial and final states
are fixed to be at rest. [Bottom panels] The terms defined in the brackets in Eq. (4).
K is fully constrained. Here, mR is related to the mass of the resonance and g characterizes
the coupling to two-particle states. In the numerical results, the following values are assumed:
mR = 2.5m and g = 3.0. As can be seen in Fig. 5, these values lead to a standard peak-like
structure near s = m2R and a visible cusp at threshold, s = 4m
2.
The truncation of M(s) to a single partial wave reduces the two-hadron energy quantization
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condition, Eq. (19), to a simple algebraic relation,
M(s) = −F−1(P,L) , (65)
that can readily be solved numerically. The corresponding finite-volume spectrum is shown in
the upper panels of Fig. 6 for two choices of the total three-momentum.
From the unitarity constraint on the 1 → 2 (2 → 1) transition amplitude, K(s) must be
combined with the real-valued quantity, H(s,Q2), as in Eq. (51), to obtain H. An all-orders
perturbation-theory argument requires that for any pole singularity of K(s), there must be an
associated pole singularity in H(s,Q2) [87]. This motivates rewriting H(s,Q2) as [84, 85]
H(s,Q2) = B(s,Q2)K(s) , (66)
where B(s,Q2) is a smooth real function. Here we take B(s,Q2) = f(Q2)/3, where f(Q2) is the
single-particle form factor, which can be parametrized by a simple monopole form,
f(Q2) =
1
1 +Q2/m2R
. (67)
The resulting functional form of H(s,Q2) for a range of kinematics is shown in the second panel
of Fig. 5.
For the remainder of the discussion, we consider kinematics for which only the s-channel
contributions to T are physical. As a result, only these can lead to power-law finite-volume
effects, and the u-channel contributions can be ignored. Given the specified forms of M(s) and
H(s,Q2), one can now determine ∆TL using Eq. (30). The result is plotted in the middle panels
of Fig. 6 for a volume with mL = 8, and two values of the total spatial momentum of the current.
The initial and final states are fixed to be at rest. Note that the real part of ∆TL exhibits a series
of poles that coincide with the energy levels shown in Fig. 6. The imaginary piece has a cusp at
threshold and has the same qualitative peak structure as M(s) and H(s,Q2). This is consistent
with the fact that Im ∆TL satisfies Eq. (62). Furthermore, given Eqs. (12) and (22), T
<N
L can be
constrained within the parametrization presented. The lower panels of Fig. 6 plot T<NL + ∆TL
for the two spatial momenta considered, exhibiting the exact cancellation of the poles that was
emphasized at the end of Sec. II.
Next, we numerically demonstrate that the imaginary part of ∆TL is equal to that of T . To
proceed, T in Eq. (53) needs to be constructed in terms of smooth functions, and for this purpose,
the issue of K-matrix poles, mentioned briefly at the end of Sec. IV, must be addressed. Note
that when Eq. (66) is applied, the third term in brackets in Eq. (53) develops real-valued poles
corresponding to those of the K matrix,
iH(s,Q2)
1
1− iρ(s)K(s)ρ(s)H(s,Q
2) −→ −B(s,Q2)K(s)B(s,Q2) . (68)
In the full Compton amplitude, this must be exactly canceled by a pole in T, motivating one
final re-parametrization
T(s,Q2) = B(s,Q2)K(s)B(s,Q2) + S(s,Q2) , (69)
where S(s,Q2) is a smooth function in the region of interest. We conclude that, in this kinematic
region, the analytic structure of the Compton amplitude is given in terms of known functions,
plus an additional smooth contribution, S(s,Q2), which will be set to vanish for this toy example.
This completes our construction of a parametrization for the Compton amplitude, with the result
plotted in Fig. 7. This numerically confirms the result derived in Sec. IV and summarized in
Eq. (62), that Im ∆TL = Im T .
To complete the illustration of the proposed formalism, in Fig. 8, we plot the subtracted
correlation function, eωτ
[
GL(τ)−G<NL (τ)
]
, for a set of kinematics and for various subtractions,
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0 ,
FIG. 7: Real (red) and imaginary (blue) parts of the Compton amplitude. The initial and final states are
fixed to be at rest. The darker lines correspond to currents that have zero momentum, the faded lines
correspond to q = 2pi[001]/L, where mL = 8 to match the functions illustrated in Fig. 6.
as a function of Euclidean time. This defines the integrand in Eq. (16) leading to T≥NL . While this
quantity can be obtained directly from Eq. (4) given the constrained values of T and T<NL +∆TL
(by performing an inverse integral transform), one can also approximate the function by summing
up contributions from a sufficiently large number of lowest intermediate finite-volume states, see
Eq. (14). Nine such states are used to obtain the results of Fig. 8. The function exhibits the
expected behavior, with an increased number of subtractions accelerating the fall off at large
Euclidean separations. It must be stressed that in the case where two-particle states can go on
shell, a number of subtractions are required to render the integral convergent. However, in practice
it may be profitable to also subtract states in the off-shell region to accelerate the convergence
and improve the overall uncertainty on the resulting amplitude. This is demonstrated in the first
panel of Fig. 8, where the chosen value of ω does not provide sufficient energy to produce any
on-shell intermediate states in this example, but the states close to threshold cause only a slowly
damping functions of τ if not subtracted.
As a final remark, we emphasize that this numerical example only serves as a quantitative
demonstration of the various features of the building blocks of the master equation (4) in a
toy model, which, however, was built consistent with physically motivated scenarios. While
the approach in this section was to construct the final-volume quantities from the knowledge of
infinite-volume amplitudes, in the realistic use of the formalism presented, the known quantities
will be the finite-volume two-, three- and four-point Euclidean correlation functions, and the
infinite-volume Minkowski observable will subsequently be deduced. In particular, one must note
that in the parametrization of this section, the smooth function S(s,Q2) is the only unknown
infinite-volume quantity whose value can not be fixed by the knowledge of two- and three-point
functions in the theory, and only a determination of the four-point correlation function as defined
in Eq. (10) can constrain its value, following the procedure of this work.11
11 A similar consideration is presented in Refs. [12, 13] in the context of matching lattice-QCD results to an effective
field theory description of a nuclear double-β decay.
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FIG. 8: Shown is the integrand of Eq. (16) for the example of this section for a range of values of N
and ω, where initial and final states are fixed to be at rest. The color coding in the upper two panels
corresponds to that of the lower panel.
VI. CONCLUSION AND OUTLOOK
The formalism presented in this work offers a path from Euclidean finite-volume correlation
functions of time-displaced local electroweak currents to long-range contributions to hadronic
amplitudes in an infinite Minkowski spacetime. Given the complicated nature of the desired am-
plitudes, it should not be too surprising that the relation derived in this paper requires a detailed
understanding of various building blocks on both ends of the mapping. Figure 9 summarizes the
conclusions of this work, and provides guidance on how lattice-QCD quantities may be used to
access the physical infinite-volume amplitudes of interest.
The main result of this work is summarized in Eq. (4). In short, an extract of the original
correlation function is identified that is independent of the time signature in the theory, denoted
in Fig. 9 as the subtracted one-body matrix element. This is achieved by removing contributions
to the finite-volume four-point correlation function that arise from the lowest-lying intermediate
states, including all the states that can go on shell. A closed form for the necessary additive piece,[
T<N + ∆T
]
M,H in Eq. (4), is then provided. Not only does this form remove all power-law finite-
volume effects below three-hadron productions thresholds, but it also restores the correct analytic
structure of the infinite-volume Minkowski amplitude. This additive piece can be evaluated
separately from dedicated lattice-QCD studies of two- and three-point functions.
The approach of this work generalizes the formalism of Refs. [29–31]. In particular, the
results presented hold not only for single-hadron long-range electroweak transitions, but also for
transitions involving the vacuum in the initial/final states, such as for matrix element incurred in
studying the QCD structure of the photon [88]. Arbitrary quantum numbers, such as spin, flavor,
partial waves and total CM momentum, are incorporated in the formalism, and the possibility of
multiple coupled partial-wave or flavor channels in intermediate two-hadron states is accounted
for. An explicit map of the workflow for future numerical implementation of the formalism is
shown in Fig. 1, with a reference to quantities that are defined in various equations throughout
this paper.
The general framework of this work can further serve as guidance on how to address more com-
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FIG. 9: Schematic map of the formalism outlined in this work. To extract the infinite-volume Minkowski
amplitude involving two currents, a number of building blocks have to be determined with lattice QCD
(shown on the left of the figure), including the spectrum and transition amplitudes with single currents.
The red arrows show how these building blocks are combined in the current formalism.
plex scenarios, such as considering two-hadron initial and final states (relevant for neutrinoful and
neutrinoless double-β decay), or extending the kinematic reach of the problem so that more than
two hadrons can be produced on shell in the intermediate states. Extension to kinematic regions
beyond the three-hadron productions may be possible given the recently-developed technologies
for the determination of three-hadron observables from a finite-volume study [82, 87, 89–101].
More immediately, one can imagine extending these ideas for processes like γ∗γ∗ → pipi, which
would be relevant for dispersive analyses of the hadronic light-by-light contribution to muon
g − 2 [102].
VII. ACKNOWLEDGEMENTS
RAB is supported in part by USDOE grant No. DE-AC05-06OR23177, under which Jefferson
Science Associates, LLC, manages and operates Jefferson Lab. RAB also acknowledges support
from the USDOE Early Career award, contract de-sc0019229. ZD is supported by the Alfred
P. Sloan Foundation, and by the Maryland Center for Fundamental Physics at the University of
Maryland, College Park. AB and MRS acknowledge support from the U.S. Department of Energy,
Office of Science, Office of Nuclear Physics, under Award Number de-sc0019647. RAB would like
to thank J. Dudek and the rest of the Hadron Spectrum Collaboration for useful conversations.
[1] X.-D. Ji, Phys. Rev. D55, 7114 (1997), hep-ph/9609381.
[2] S. Dell’Oro, S. Marcocci, M. Viel, and F. Vissani, Adv. High Energy Phys. 2016, 2162659 (2016),
1601.07512.
[3] M. J. Dolinski, A. W. P. Poon, and W. Rodejohann, Submitted to: Ann. Rev. Nucl. Part. Phys.
(2019), 1902.04097.
[4] R. Henning, Rev. Phys. 1, 29 (2016).
23
[5] W. Rodejohann, Int. J. Mod. Phys. E20, 1833 (2011), 1106.1334.
[6] G. Prezeau, M. Ramsey-Musolf, and P. Vogel, Phys. Rev. D68, 034016 (2003), hep-ph/0303205.
[7] J. Menendez, D. Gazit, and A. Schwenk, Phys. Rev. Lett. 107, 062501 (2011), 1103.3622.
[8] V. Cirigliano, W. Dekens, E. Mereghetti, and A. Walker-Loud (2017), 1710.01729.
[9] V. Cirigliano, W. Dekens, J. De Vries, M. L. Graesser, E. Mereghetti, S. Pastore, and U. Van Kolck
(2018), 1802.10097.
[10] V. Cirigliano, W. Dekens, J. de Vries, M. L. Graesser, and E. Mereghetti (2018), 1806.02780.
[11] A. Nicholson et al., Phys. Rev. Lett. 121, 172501 (2018), 1805.02634.
[12] P. E. Shanahan, B. C. Tiburzi, M. L. Wagman, F. Winter, E. Chang, Z. Davoudi, W. Detmold,
K. Orginos, and M. J. Savage, Phys. Rev. Lett. 119, 062003 (2017), 1701.03456.
[13] B. C. Tiburzi, M. L. Wagman, F. Winter, E. Chang, Z. Davoudi, W. Detmold, K. Orginos, M. J.
Savage, and P. E. Shanahan, Phys. Rev. D96, 054505 (2017), 1702.02929.
[14] X.-Y. Tuo, X. Feng, and L.-C. Jin (2019), 1909.13525.
[15] X. Feng, L.-C. Jin, X.-Y. Tuo, and S.-C. Xia (2018), 1809.10511.
[16] W. Detmold and D. J. Murphy, PoS LATTICE2018, 262 (2019), 1811.05554.
[17] W. J. Marciano and A. Sirlin, Phys. Rev. Lett. 96, 032002 (2006), hep-ph/0510099.
[18] C.-Y. Seng, M. Gorchtein, H. H. Patel, and M. J. Ramsey-Musolf, Phys. Rev. Lett. 121, 241804
(2018), 1807.10197.
[19] A. Czarnecki, W. J. Marciano, and A. Sirlin (2019), 1907.06737.
[20] V. Cirigliano, Z. Davoudi, T. Bhattacharya, T. Izubuchi, P. E. Shanahan, S. Syritsyn, and M. L.
Wagman (2019), 1904.09704.
[21] C. Lehner et al. (2019), 1904.09479.
[22] W. Detmold, R. G. Edwards, J. J. Dudek, M. Engelhardt, H.-W. Lin, S. Meinel, K. Orginos, and
P. Shanahan (2019), 1904.09512.
[23] A. S. Kronfeld, D. G. Richards, W. Detmold, R. Gupta, H.-W. Lin, K.-F. Liu, A. S. Meyer, R. Sufian,
and S. Syritsin (USQCD) (2019), 1904.09931.
[24] T. Pichler, M. Dalmonte, E. Rico, P. Zoller, and S. Montangero, Physical Review X 6, 011023 (2016).
[25] A. Alexandru, G. Basar, P. F. Bedaque, S. Vartak, and N. C. Warrington, Phys. Rev. Lett. 117,
081602 (2016), 1605.08040.
[26] E. A. Martinez et al., Nature 534, 516 (2016), 1605.04570.
[27] N. Klco, E. F. Dumitrescu, A. J. McCaskey, T. D. Morris, R. C. Pooser, M. Sanz, E. Solano,
P. Lougovski, and M. J. Savage, Phys. Rev. A98, 032331 (2018), 1803.03326.
[28] Z. Davoudi, M. Hafezi, C. Monroe, G. Pagano, A. Seif, and A. Shaw (2019), 1908.03210.
[29] N. H. Christ (RBC Collaboration, UKQCD Collaboration) (2010), 1012.6034.
[30] N. Christ, G. Martinelli, and C. Sachrajda, PoS LATTICE2013, 399 (2014), 1401.1362.
[31] N. H. Christ, X. Feng, G. Martinelli, and C. T. Sachrajda, Phys. Rev. D91, 114510 (2015),
1504.01170.
[32] N. Christ, T. Izubuchi, C. Sachrajda, A. Soni, and J. Yu (RBC and UKQCD Collaborations),
Phys.Rev. D88, 014508 (2013), 1212.5931.
[33] Z. Bai, N. Christ, T. Izubuchi, C. Sachrajda, A. Soni, et al., Phys.Rev.Lett. 113, 112003 (2014),
1406.0916.
[34] N. Christ, T. Izubuchi, C. T. Sachrajda, A. Soni, and J. Yu (RBC, UKQCD), PoS LATTICE2013,
397 (2014), 1402.2577.
[35] Z. Bai, N. H. Christ, and C. T. Sachrajda, EPJ Web Conf. 175, 13017 (2018).
[36] N. H. Christ, X. Feng, A. Juttner, A. Lawson, A. Portelli, and C. T. Sachrajda, Phys. Rev. D94,
114516 (2016), 1608.07585.
[37] Z. Bai, N. H. Christ, X. Feng, A. Lawson, A. Portelli, and C. T. Sachrajda, Phys. Rev. Lett. 118,
252001 (2017), 1701.02858.
[38] Z. Bai, N. H. Christ, X. Feng, A. Lawson, A. Portelli, and C. T. Sachrajda, Phys. Rev. D98, 074509
(2018), 1806.11520.
[39] N. H. Christ, X. Feng, and C. T. Sachrajda (2019), 1910.10644.
[40] M. T. Hansen, H. B. Meyer, and D. Robaina, Phys. Rev. D96, 094513 (2017), 1704.08993.
[41] J. Bulava and M. T. Hansen, Phys. Rev. D100, 034521 (2019), 1903.11735.
[42] D. Bernecker and H. B. Meyer, Eur. Phys. J. A47, 148 (2011), 1107.4388.
[43] H. B. Meyer, Phys. Rev. Lett. 107, 072002 (2011), 1105.1892.
[44] A. Francis, B. Jaeger, H. B. Meyer, and H. Wittig, Phys. Rev. D88, 054502 (2013), 1306.2532.
[45] M. Della Morte, A. Francis, V. Gu¨lpers, G. Herdo´ıza, G. von Hippel, H. Horch, B. Ja¨ger, H. B.
Meyer, A. Nyffeler, and H. Wittig, JHEP 10, 020 (2017), 1705.01775.
[46] T. Blum, P. A. Boyle, V. Gu¨lpers, T. Izubuchi, L. Jin, C. Jung, A. Ju¨ttner, C. Lehner, A. Portelli,
24
and J. T. Tsang (RBC, UKQCD), Phys. Rev. Lett. 121, 022003 (2018), 1801.07224.
[47] H. B. Meyer and H. Wittig, Prog. Part. Nucl. Phys. 104, 46 (2019), 1807.09370.
[48] A. Gerardin, M. Ce`, G. von Hippel, B. Ho¨rz, H. B. Meyer, D. Mohler, K. Ottnad, J. Wilhelm, and
H. Wittig (2019), 1904.03120.
[49] R. A. Bricen˜o, J. J. Dudek, and R. D. Young, Rev. Mod. Phys. 90, 025001 (2018), 1706.06223.
[50] M. Luscher, Nucl.Phys. B354, 531 (1991).
[51] K. Rummukainen and S. A. Gottlieb, Nucl. Phys. B450, 397 (1995), hep-lat/9503028.
[52] C. Kim, C. Sachrajda, and S. R. Sharpe, Nucl.Phys. B727, 218 (2005), hep-lat/0507006.
[53] S. He, X. Feng, and C. Liu, JHEP 07, 011 (2005), hep-lat/0504019.
[54] Z. Davoudi and M. J. Savage, Phys. Rev. D84, 114502 (2011), 1108.5371.
[55] M. T. Hansen and S. R. Sharpe, Phys.Rev. D86, 016007 (2012), 1204.0826.
[56] R. A. Bricen˜o and Z. Davoudi, Phys. Rev. D. 88, 094507, 094507 (2013), 1204.1110.
[57] R. A. Bricen˜o, Z. Davoudi, and T. C. Luu, Phys. Rev. D88, 034502 (2013), 1305.4903.
[58] R. A. Bricen˜o, Phys.Rev. D89, 074507 (2014), 1401.3312.
[59] D. J. Wilson, R. A. Bricen˜o, J. J. Dudek, R. G. Edwards, and C. E. Thomas, Phys. Rev. D92,
094502 (2015), 1507.02599.
[60] R. A. Bricen˜o, J. J. Dudek, R. G. Edwards, and D. J. Wilson, Phys. Rev. Lett. 118, 022002 (2017),
1607.05900.
[61] R. Brett, J. Bulava, J. Fallica, A. Hanlon, B. Ho¨rz, and C. Morningstar, Nucl. Phys. B932, 29
(2018), 1802.03100.
[62] D. Guo, A. Alexandru, R. Molina, M. Mai, and M. Do¨ring, Phys. Rev. D98, 014507 (2018),
1803.02897.
[63] C. W. Andersen, J. Bulava, B. Ho¨rz, and C. Morningstar, Phys. Rev. D97, 014506 (2018),
1710.01557.
[64] C. Andersen, J. Bulava, B. Ho¨rz, and C. Morningstar, Nucl. Phys. B939, 145 (2019), 1808.05007.
[65] J. J. Dudek, R. G. Edwards, C. E. Thomas, and D. J. Wilson (2014), 1406.4158.
[66] J. J. Dudek, R. G. Edwards, and D. J. Wilson (Hadron Spectrum), Phys. Rev. D93, 094506 (2016),
1602.05122.
[67] A. Woss, C. E. Thomas, J. J. Dudek, R. G. Edwards, and D. J. Wilson, JHEP 07, 043 (2018),
1802.05580.
[68] A. J. Woss, C. E. Thomas, J. J. Dudek, R. G. Edwards, and D. J. Wilson (2019), 1904.04136.
[69] K. Orginos, A. Parreno, M. J. Savage, S. R. Beane, E. Chang, and W. Detmold, Phys. Rev. D92,
114512 (2015), 1508.07583.
[70] E. Berkowitz, T. Kurth, A. Nicholson, B. Joo, E. Rinaldi, M. Strother, P. M. Vranas, and A. Walker-
Loud, Phys. Lett. B765, 285 (2017), 1508.00886.
[71] M. L. Wagman, F. Winter, E. Chang, Z. Davoudi, W. Detmold, K. Orginos, M. J. Savage, and P. E.
Shanahan, Phys. Rev. D96, 114510 (2017), 1706.06550.
[72] L. Lellouch and M. Luscher, Commun.Math.Phys. 219, 31 (2001), hep-lat/0003023.
[73] R. A. Bricen˜o, M. T. Hansen, and A. Walker-Loud (2014), 1406.5965.
[74] X. Feng, S. Aoki, S. Hashimoto, and T. Kaneko, Phys. Rev. D91, 054504 (2015), 1412.6319.
[75] R. A. Bricen˜o and M. T. Hansen, Phys. Rev. D92, 074509 (2015), 1502.04314.
[76] R. A. Bricen˜o and M. T. Hansen, Phys. Rev. D94, 013008 (2016), 1509.08507.
[77] A. Baroni, R. A. Bricen˜o, M. T. Hansen, and F. G. Ortega-Gama (2018), 1812.10504.
[78] T. Yamazaki, PoS LATTICE2014, 009 (2015), 1503.08671.
[79] Z. Davoudi, EPJ Web Conf. 175, 01022 (2018), 1711.02020.
[80] Z. Davoudi, PoS LATTICE2018, 014 (2018), 1812.11899.
[81] T. Izubuchi, Y. Kuramashi, C. Lehner, and E. Shintani (PACS), Phys. Rev. D98, 054505 (2018),
1805.04250.
[82] M. T. Hansen and S. R. Sharpe (2019), 1901.00483.
[83] J. J. Dudek, R. G. Edwards, and C. E. Thomas, Phys. Rev. D86, 034031 (2012), 1203.6041.
[84] R. A. Bricen˜o, J. J. Dudek, R. G. Edwards, C. J. Shultz, C. E. Thomas, and D. J. Wilson, Phys.
Rev. D93, 114508 (2016), 1604.03530.
[85] R. A. Bricen˜o, J. J. Dudek, R. G. Edwards, C. J. Shultz, C. E. Thomas, and D. J. Wilson, Phys.
Rev. Lett. 115, 242001 (2015), 1507.06622.
[86] R. A. Bricen˜o, M. T. Hansen, S. R. Sharpe, and A. P. Szczepaniak (2019), 1905.11188.
[87] R. A. Bricen˜o, M. T. Hansen, and S. R. Sharpe, Phys. Rev. D99, 014516 (2019), 1810.01429.
[88] X.-d. Ji and C.-w. Jung, Phys. Rev. Lett. 86, 208 (2001), hep-lat/0101014.
[89] K. Polejaeva and A. Rusetsky, Eur.Phys.J. A48, 67 (2012), 1203.1241.
[90] R. A. Bricen˜o and Z. Davoudi, Phys.Rev. D87, 094507 (2013), 1212.3398.
25
[91] M. T. Hansen and S. R. Sharpe, Phys.Rev. D90, 116003 (2014), 1408.5933.
[92] M. T. Hansen and S. R. Sharpe, Phys. Rev. D92, 114509 (2015), 1504.04248.
[93] H.-W. Hammer, J.-Y. Pang, and A. Rusetsky, JHEP 09, 109 (2017), 1706.07700.
[94] H. W. Hammer, J. Y. Pang, and A. Rusetsky, JHEP 10, 115 (2017), 1707.02176.
[95] P. Guo and V. Gasparian, Phys. Lett. B774, 441 (2017), 1701.00438.
[96] M. Mai and M. Doring, Eur. Phys. J. A53, 240 (2017), 1709.08222.
[97] R. A. Bricen˜o, M. T. Hansen, and S. R. Sharpe, Phys. Rev. D95, 074510 (2017), 1701.07465.
[98] M. Doring, H. W. Hammer, M. Mai, J. Y. Pang, A. Rusetsky, and J. Wu, Phys. Rev. D97, 114508
(2018), 1802.03362.
[99] R. A. Bricen˜o, M. T. Hansen, and S. R. Sharpe, Phys. Rev. D98, 014506 (2018), 1803.04169.
[100] M. Mai and M. Doring, Phys. Rev. Lett. 122, 062503 (2019), 1807.04746.
[101] T. D. Blanton, F. Romero-Lo´pez, and S. R. Sharpe, JHEP 03, 106 (2019), 1901.07095.
[102] G. Colangelo, M. Hoferichter, M. Procura, and P. Stoffer, JHEP 09, 074 (2015), 1506.01386.
